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Abstract. In this paper we construct a new family of representations for the quan- 
tum toroidal algebras of type A n . The definition of extremal loop weight modules of 
quantum toroidal algebras was proposed in |23| . We construct extremal loop weight 
modules associated to analogues of level fundamental weights wt for U q (sln+i) when 
n = 2r + 1 is odd and i = 1 or I = r + 1, called level extremal fundamental loop 
weight modules. To do it, we relate monomial realizations of level extremal funda- 
mental weight crystals with integrable representations ofU q (sln+i)- The construction 
is based on the combinatorial study of these crystals: we introduce promotion opera- 
tors for the level extremal fundamental weight crystals, corresponding to the cyclic 
symmetry of the Dynkin diagram of type A ( n } . They are used to define an action 
of the quantum toroidal algebras at the level of representations. By specializing q 
at roots of unity e, we get finite-dimensional modules of W e (sZ^+i). In general, we 
give a conjectural process to construct extremal loop weight modules from monomial 
realizations of crystals. 
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1. Introduction 

Let us consider a finite-dimensional simple Lie algebra q and its associated quantum 
affine algebra lA q {o). A famous result of Beck and Drinfeld [3j [IT] says that lA q {o) has 
two realizations: first as the quantized enveloping algebra of the affine Lie algebra g 
and second as the Drinfeld quantum affinization of the quantum group U q (g). 

The representation theory of the quantum affine algebras have been intensively stud- 
ied (see, among others, [JJ EJ [3 El [13 [H2 [35], [39]). Kashiwara [31] has defined a class 
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of integrable representations V(A) of these algebras, called extremal weight modules, 
parametrized by an integrable weight A with crystal basis £>(A). When A is dominant, 
we obtain the simple integrable module of highest weight A. But in general V(A) is 
not simple and it is neither of highest weight nor of lowest weight. These represen- 
tations were the subject of numerous papers (see [H 02 Ell EH EH ETJ, EH [41]) and 
have a particular importance because they have finite-dimensional quotients for some 
weight A. Kashiwara has proved in this way the existence of crystal bases for the finite- 
dimensional fundamental representations of W 3 (fl) (for a special choice of the spectral 
parameter). 

The quantum affine algebra U q (g) is also a quantum Kac-Moody algebra and thus can 
be affinized again by the Drinfeld quantum affinization process. One gets a toroidal 
(or double affine) quantum algebra U q (Q tor ) which is not a quantum Kac-Moody al- 
gebra anymore and can not be affinized again by this process (it can be viewed as 
"the terminal object" in this construction). These algebras were first introduced by 
Ginzburg-Kapranov-Vasserot in type A [20J and then in the general context [28} 139] . 
In type A, they are in Schur-Weyl duality with elliptic Cherednik algebras |46j . 

The representation theory of these algebras is very interesting and has been in- 
tensively studied (see for example [HI [131 CG3 Ell US ESI [361 HZ] an d references 
therein). In the spirit of works of Kashiwara, Hernandez [23] proposed the definition 
of extremal loop weight modules for U q (Q tor ). The main motivation is to construct 
finite-dimensional representations of the quantum toroidal algebra at roots of unity. 
He constructs the first example of such a module for lA q (sl t £ r ) which is neither of £- 
highest weight nor of £- lowest weight. This module is generated by a £- weight vector 
of ^-weight an analogue of the level fundamental weight w\ = Ai — Ao in the toroidal 
case. By specializing q at roots of unity e, he obtains finite-dimensional representations 
ofW e (sZ| or ). 

In the present paper, we construct a new family of extremal loop weight modules 
for the quantum toroidal algebras of type A n : we define extremal loop weight modules 
(called level extremal fundamental loop weight modules) generated by a vector of £- 
weight an analogue of the level fundamental weight = Ai — Aq for U q (sl t °^_ 1 ) when 
n = 2r + 1 is odd and £ = \ox£ = r + \ (Theorem 14. lj) . This construction is based 
on the monomial realizations of level extremal fundamental weight crystals B{mi). 
We relate these monomial crystals with integrable representations of U q (sl t °^ 1 ). For 
that we study the combinatorics of these crystals: we introduce promotion operators 
for B{w() (1 < I < n) and we explicit them in terms of monomials. These operators 
play an important role in our work: on the one hand, at the level of crystals, they 
are used to check that these monomial crystals are closed when £ = 1 or £ = r + 1 
(see Definition 13.61 for this notion, related to the theory of q-characters) , and one 
the other hand, at the level of representations, they enable us to define the action of 
the quantum toroidal algebra. We show that the representations we constructed are 
irreducible and, as modules over the horizontal subalgebra, they are isomorphic to the 
fundamental extremal weight modules V(wi). We give explicit formulas for the action, 
in terms of constants of the associated monomial crystal. By specializing the quantum 
parameter q at roots of unity e, we get new irreducible finite-dimensional representations 
of U e (sl^I_i). When £ is different of 1 or r + 1, the corresponding monomial crystals are 
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not closed and it is not possible to make the same construction. We give a conjectural 
process to define other extremal loop weight modules in this situation: as an example, 
we construct an extremal loop weight module of U q {sl i f r ) generated by a vector of 
I- weight an analogue of 2w\. 

Let us describe the methods used in this paper in more detail. In [341110], Kashiwara 
and Nakajima have defined a crystal M (called monomial crystal) where the vertices are 
monomials of Z[l^^]j g / / g 2- They determined monomial realizations Ai(m) (subcrystal 
of A4 generated by the monomial m) of crystals of finite type: when m = Yn (1 < 
i < re), M.(m) is isomorphic to the finite ^(s^+^-crystal B(Ai). These results were 
extended in [27] to the monomial realizations of extremal weight crystals of lA q {sl n j r \) 
for re = 2r + 1 odd: if m = Yf^Y^ (1 < I < n), the monomial crystal Ai(m) is 
isomorphic to the level extremal fundamental weight crystal B{w(). 

The monomial crystals are closely related to the theory of (/-characters of the finite- 
dimensional representations of lA q {sl n +\). More precisely, the set of monomials oc- 
curring in the W g (s/ n+ i)-crystal M.(Y it i) and the set of ^-weights of the fundamental 
U q (sl n+ i)-module V{Yi,l) °f ^-highest weight Y^i are equal (we use here the identifi- 
cation of Prenkel-Reshetikhin [19] between I- weights and monomials in 7L\Y^]\i^i . 
Motivated by these facts, Hernandez [23J constructed the first example of extremal loop 
weight modules for U q (sl t ^ >r ). He used the monomial crystal A4(Yi } qY^) to construct 
a representation whose g-character is the sum of monomials occurring in AOYi^Y^ ). 
We use the same technical feature in this paper. We propose to relate the monomial 
crystals M^^Y^ ) of U q {sl n+ \) (where n = 2r + 1 is supposed to be odd) with inte- 
grable representations of U q (sl t n °^ 1 ). We expect these modules to satisfy the definition 
of extremal loop weight modules. 

Let us outline the main steps of the construction of level extremal fundamental loop 
weight modules associated to the monomial crystals M (Yi^Y^). This construction 
is based on the combinatorial study of these crystals. The cyclic symmetry of the 
Dynkin diagram of type An ^ has a counterpart at the level of crystals. Actually, these 
symmetry properties are already known for the W 9 (s/ n+ i)-crystals of finite type, and 
are given by the existence of promotion operators (see [21 [161 l4"2l Fill |4"5] and references 
therein). Here we introduce promotion operators for the affinized W (? (s/ ri -)-i)-crystals 
and for the level extremal fundamental weight crystals B{wg) (1 < I < n). We 
explicit these operators in the monomial realizations M{Y^qYq^). In particular, we 
get a new description of these monomial crystals. Furthermore we introduce the notion 
of closed monomial set, related to the theory of g-characters and crystal bases. It gives 
a necessary condition for a set to be the set of ^-weights of an integrable representation. 
Finally, we determine when MiY^fiY^) is closed, using promotion operators: this is 
closed if and only if£ = lor^ = r + l (Proposition 13.23]) . 

When M(Y £i0 Y~l) is closed, we construct an associated representation of lAq^sl 1 "^) 
whose g-character is the sum of monomials occurring in A4(Y£ qY^) with multiplicity 
one. The construction goes as follows: we endow the vector space freely generated by 
monomials occurring in M.{Yi^Yq^) with an action of U q (sl n °^_ l ) by pasting together 
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some finite-dimensional representations of the quantum affine algebra U q (sl n +i). We 
check that the relations of the quantum toroidal algebra are satisfied on this module 
using the promotion operators at the level of crystals. Moreover, these representations 
satisfy the definition of extremal loop weight modules of extremal ^-weights Yi^Y~^ . 
They are irreducible, isomorphic to the level fundamental extremal representations 
V(mi) as modules over the horizontal subalgebra of U q (sl 1 ^ l ). Furthermore formulas 
of the action of the quantum toroidal algebra are given in terms of constants of the 
associated crystal. By specializing q at roots of unity e, we get finite-dimensional 
representations of U^sl 1 "^) . 

When the monomial crystal M(Y£fiY^) is not closed, there is no representation 
of U q {sl t ^ l ) whose ^-character is the sum of monomials occurring in A4(YefiY^). 
In fact, some monomials which should as predicted by the theory of ^-characters are 
missing from the crystal. The idea is to consider instead of M(Y£ qY^) a closed crystal 
containing it and to apply the preceding methods for this crystal. We treat an example 
of such a construction: we define a representation oiU q {sl t f r ) generated by a vector of 
^-weight li j iy"i i _il^ 2 1 y o ~Q 1 and we check that it satisfies the definition of extremal loop 
weight modules. 

Let us now describe briefly the organization of this paper. 

In Section 2 we recall the definitions of quantum affine algebras U q (sl n +i) and quan- 
tum toroidal algebras U q (sl^ 1 ) and we briefly review their representation theory. In 
particular one defines the extremal weight modules and the extremal loop weight mod- 
ules. Section 3 is devoted to the study of monomial crystals. We recall its definition and 
we introduce the notion of closed monomial set (Definition I3.6j) . We define promotion 
operators for the level fundamental extremal weight crystals. As a consequence, we 
determine when M.{Y^ s qYq ^ ) is closed (Proposition 13.23]) . In Section 4 we construct 
a new family of representations of U q (sl 1 ^_ l ), called level extremal fundamental loop 
weight modules, when n is odd and MiXt^Y^) * s c l° se d (Theorem I4.ip . We check 
that these representations satisfy the definition of extremal loop weight modules for 
^(s^+i) (Theorem I4.6P and we give formulas for the action (Theorem 14. lOj) . We get 
finite-dimensional representations of U^sl 1 "^) by specializing the quantum parameter 
q at roots of unity e (Theorem 14. 15[) . In Section 5 we treat an example where the 
considered monomial crystal is not closed. We construct a representation of U q (sl t ^' r ) 
associated to (a closed crystal containing) the monomial crystal M.(Yi^Yi-{Yq2^oo)- 
In Section 6 other possible developments and applications of these results are discussed. 

Acknowledgements: I am grateful to my advisor David Hernandez for suggesting 
me this problem, for his encouragement and precious comments. I would like to thank 
Anne Schilling and Cedric Lecouvey for their comments on the promotion operators 
and for pointing me out some references. I want to thank Alexandre Bouayad for 
accurate discussions and numerous observations, Xin Fang and Dragos Fratila for useful 
discussions. 
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2. Background 

We recall the main definitions and general properties about the representation theory 
of quantum affine algebras and quantum toroidal algebras of type A. 



2.1. Cartan matrix. Let C = (Cjj 



0<i,j<n 



be a Cartan matrix of type An\ 



f 2 



C 



-1 
2 





V-i 



o 







-1 






-1 

2/ 



Set / = {0, . . . , re} and Jo = {1, . . . , re}. In particular, (QjOije/o * s the Cartan matrix 
of finite type A n . In the following, I will be often identified with the set Z/(n + 1)Z. 
Consider the vector space of dimension re + 2 

f) = q/io e Q/ii e ■ ■ ■ e Q/t n e 

and the linear functions aj (the simple roots), Aj (the fundamental weights) on f) given 
by € /) 



Ai(hj) 



a 



3,n 



cti(d) = 
A(d) 



$0,i, 
= 0. 



Denote by II = {cto, . . . , a n } C f)* the set of simple roots and Il v = {ho, . . . , h n } C f) 
the set of simple coroots. Let P = {A € f)* | A(/tj) G Z for any i G /} be the weight 
lattice and P+ = {A € P | A(a, v ) > for any i G /} the semigroup of dominant weights. 
Let Q = ie/ Zai C P (the root lattice) and Q + = Y,iei c For ^'A* G 
write A>/uifA — /x G Q + . 

Denote by W the affine Weyl group: it is the subgroup of GL(t)*) generated by the 
simple reflections Sj G GL(t)*) defined by Sj(A) = A — \(hi)cti (i G /). The Weyl group 
of finite type is the subgroup of W generated by the Si with i G /o- 

Let c = /iq + • • • + h n and S = ccq + • • • + a n - We have 



G P | w(fci) = for all i G /} 



nP 



Put P c i = P/(Q<5nP) and denote by cl : P — > P c i the canonical projection. Let denote 
by P° = {A G P | A(c) = 0} the set of level weights. 

2.2. Quantum affine algebra U q {sl n+ \). In this article q G C* is not a root of unity 
and is fixed. For I G Z, r > 0, m > m' > consider the following Laurent polynomials 
in Z[g±]: 



ql _ q l 



q-q- 



T eZ[q% [r] q \ = [r] q [r-l] q ...[l] q , 



m 
m' 



m 



J 9 



m — m 
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Definition 2.1. The quantum affine algebra U q (sl n +i) is the C-algebra with generators 
kh (h E fj), x^ 1 (i G J) and relations 

(1) = , feo = 1, 

(2) k h xfk. h = q ±a ^xf, 

(3) [x+,x-]=^-^V, 

(4) (4) {2) 4 + i - 44 + i4 + *£i(-f) (2) = o. 

where we use the notation kf 1 = k±hi an d for all r > we set (xf)^ = ^ ^ ■ One 
defines a Hopf algebra structure on U q {sl n+ \) by setting 

A(x+) = x+ ® 1 + kf <g> xf , A(x7) = x~ ® Ar + 1 ® sr. 

Let U q {sl n+ i)' be the subalgebra of U q (sl n+ x) generated by x^ and kh (h € ^ Q/ii). 
This has P c i as a weight lattice. 

For J C I denote by U q (sl n+ i)j the subalgebra olU q {sl n+ i) generated by the xf, k p ^ 
for i € J,p £ Q. If J = Jo; U q (sl n+ \)i Q is the quantum group of finite type associated 
to the simple Lie algebra sl n+ \, also denoted by U q (sl n+ i). In particular, a U q (sl n+ \)- 
module has a structure of W g (s/ ra+ i)-module. If J = {i} with i & I, U q {sl n+ \)j is 
isomorphic to U q {sl2) and denoted by Wj. So a W g (sZ n+ i)-module has also a structure 
of W g (s/2)-module. 

Let U q {sl n+ i) + (resp. U q (sl n+ i)~ , U q {\])) be the subalgebra of U q (sl n+ i) generated 
by the xf (resp. the xj , resp the kh)- We have a triangular decomposition oiU q (sl n+ i) 
(see [35]): 

Theorem 2.2. We /iaue an isomorphism of vector spaces 

U q (sl n+1 ) ~U q {sl n+ i)~ ®U q (f)) ®U q {sl n+ i) + . 

2.3. Representations of U q (sl n +i). For V a representation of Vi q (sl n +i) and v G P, 
the weight space of V is 

VJ, = {« € • v = q" {h) vyh € fj}. 

For A € P, a representation V is said to be of highest weight A if there is v E V\ 
such that for alii € I,xf ■ v = and U q {sl n+ i) ■ v = V. Furthermore there is a unique 
simple highest weight module V(A) of highest weight A. 

Definition 2.3. A representation V is said to be integrable if 

(1) it admits a weight space decomposition V = @ v& pV v , 

(2) all the xf (i El) are locally nilpotent. 

Remark 2.4. This definition is different of the one given in [23^. In fact it is required 
in addition in [23] that the representation V satisfies 
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(3) V u is finite-dimensional for any v G P , 

(4) V v±Nai = {0} for alive P, N»0,i€l. 

These conditions are implied by the previous ones for the highest weight modules. 

Theorem 2.5. [35] The simple highest weight module V(X) of highest weight X is 
integrable if and only if X is dominant. 

For an integrable representation V ofU q (sl n +i) with finite-dimensional weight spaces, 
one defines the usual character 

X (V) = £ dim(K)e(i/) G J] Ze(y). 
ueP v&P 
Similar definitions hold for the quantum group U q (sl n+ i). In this case, the simple 
integrable representations V(A) (A G P + ) are finite-dimensional (see [351 H3])- Let C be 
the category of finite-dimensional representations of U q (sl n +i) and 1Z its Grothendieck 
ring. 

Theorem 2.6. [351 143] The category C is a semi-simple tensor category and the simple 
objects of C are the (V(X))\ £ p+. Furthermore x induces a ring morphism 

X:ft->0Ze(i/) 

v£P 

where the product at the right hand side is defined by e(fj,)e(u) = e(/x + v). 

We do not recall here the theory of crystal bases of quantum groups, we just refer 
to [3U E2J [33]. When we want to distinguish crystals of U q (sl n+ i), U q {sl n+ i) j with 
J C I and U q (sl n+ i)' , we call it respectively a P-crystal or /-crystal, a J-crystal and a 
P c l-crystal. 

2.4. Extremal weight modules. In this section we recall the definition and some 
properties of extremal weight modules for the quantum affine algebra U q (sl n+ \) given 
by Kashiwara |31|. [33] . All of these hold for general quantum Kac- Moody algebras and 
in particular for U q (sl n+ \). 

Definition 2.7. For an integrable U q (sl n +\) -module V and A G P, a vector v £ V\ is 
called extremal of weight A if there are vectors {vw] w ^ such that vjd = v and 

xf-v w = 0if ± w(X)(hi) > and ( x f)(±^(A)(^)) . Vw = 

Note that if the vector v is extremal of weight A, then for w G W, v w is extremal of 
weight w(X). We denote it by S w v, or simply by S{V if w = Si is a simple reflexion. Set 
W -v = {S w v\w G W}. 

The notion of extremal elements in a crystal B can be defined in the same way. 

Definition 2.8. For X G P, the extremal weight module V{X) of extremal weight X 
is the lfq(sl n +i) -module generated by a vector v\ with the defining relations that v\ is 
extremal of weight X. 

Example 2.9. If X is dominant, V(X) is the simple highest weight module of highest 
weight X. 
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Theorem 2.10. [3l] For A G P, the module V{\) is integrable and has a crystal basis 
0(A). 

Set A = zue, where 1 < t < n and wi is the level fundamental weight wi = — Ao- 
Theorem 2.11. [33J Let 1 < £ < n. 

(1) V(zui) is an irreducible U q (sl Tl+ i) -module. 

(2) Any non-zero integrable U q (sl n +i) -module generated by an extremal weight vec- 
tor of weight vj£ is isomorphic to V{w(). 

Let w be an element of W such that w{mi) = wi + 5. Such an element exists and 
is not unique (see [33]). There is a P c i-automorphism zi of V(m£) of weight 5, which 
sends v to v w . Let us define the U q (sl n+ i)' -module 

W{wi) = V(w e )/(z e - l)V(w e ). 

Then we have 

Theorem 2.12. [33J Let 1 < £ < n. 

(1) W(zui) is a finite-dimensional irreducible U q (sl n +i)' -module. 

(2) For any fj, G wt(V(zui)), 

(3) V{vji) is isomorphic to W(we) SL s as a U q {sl n+ \) -module. 

Here M a g is the affinization of an integrable W,j(s/ n+ i)'-module M: this is the U q (sl ri+ \)- 
module defined by 

M aff = 0M d(l/)l 
i/eP 

with the obvious action of xf . Note also that we have an isomorphism of lA q (sl n +\)' - 
modules 

M aff ~ C^,* -1 ] ®M 

where xf act on the right hand side by z^ Si >°xf. In the same way one defines the 
affinization B a Q of a P c i-crystal B. For an integrable U q (sl n +i) '-module M with associ- 
ated P c i-crystal B, its affinization M a g has a crystal £> a ff. 

2.5. Quantum toroidal algebra U^sl 1 "^). In this section, we recall the definition 
and the main properties of the quantum toroidal algebra U q (sl t °^_ 1 ) (without central 
charge) and its representations. 

Definition 2.13. [20] The quantum toroidal algebra Ug^sl^i) is the C-algebra with 
generators xf (i € I, r £ Z), kh (h £ h) ; /ij i?n (i £ /, m G Z — {0}) and £/ie following 
relations G /, r, r',ri,T2 G Z, m G Z — {0}) 

(5) fc/j/e/j/ = k h+h f , k = 1 , [/c/i,/ij7 m ] = , [hi trn ,hj tm '} = 0, 

(6) fc4L t = ^Wi±, 
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(7) [hi, m ,xfj = ±— [mC id ] q xf tm+r , 



fo\ r + — 1 r ^i,r+r' ^i,r+r 

( 8 ) K^ x i.r'\= S i 



i,r^j,r'i u *3 q-q- 1 ' 



~ X i,r 2 X i,r 1 X i+l,r' + + 9 ) X i,r 2 X i+l,r' X i,ri X i+l,r' X i,r 2 X i,r 1 ■ 

where for all i £ I and m £ Z, <^ m 6 ^(sZ^Tj) zs determined by the formal power 
series in U q (sl t °l 1 )[[z\] (resp. mW^sI^)^ 1 ]]) 



£<^ ±m = ±(g - a" 1 ) £ h h±r 



m>0 \ m'>l 

and (j)f m = /or m < ; 4>~ m = /or m > 0. 

There is an algebra morphism U q (sl n+ i) — > U q (sl n °^ 1 ) defined by (ft £ f),i € /) 
kh ^ kh , xf ^ xf . Its image is called the horizontal quantum affine subalgebra of 
Uq{sln+i) and is denoted by U^sl 1 "^). In particular, a W <? (s/^°[ 1 )-module has also a 
structure of a ^(s^+ij-module. 

For i € I, the subalgebra generated by the xf r , hi im , k p ^ (r £ Z, m € Z {0},p € Q) 
is isomorphic to U q (sl2). 

For all j € /, set Ij = I — {j} and define the subalgebra Uq ,:> (sl^^) of U q {sl t °^_ 1 ) 
generated by the xf >r , k h , h i)m (i £ Ij,r £ Z, h £ ieij . Q/ij 5 m G Z - {0}). Uq'° (sl^) 
is simply denoted by U^sl 1 ®^) and is called the vertical quantum affine subalgebra of 
^<?(^n+i)- It is an untwisted quantum affine algebra isomorphic to U q {sl n+ i) [H ITT] . 
Furthermore all the Uq' 3 (s/^ ^) for various j £ I are isomorphic. In fact, let # be 

the automorphism of the Dynkin diagram of type An corresponding to the rotation 
such that 6(k) = k + 1, where / is identified to the set Z/(n + 1)Z. The isomorphism 
9^ between U^sl^i) and Uq J (s/^ 1 ) is simply given by sending xf r , k i , hi^ m to 
x %(i)^ k %{iy h 8Hi),m respectively (where i £ I , r £ Z, m £ Z - {0}). If V is a 

ZYq(sZ n+ i)-module, we denote by V^) the induced Uq' 3 (s^°^ 1 )-module. 
We have a triangular decomposition of Uqi^sl^^). 

Theorem 2.14. [36, 39J We have an isomorphism of vector spaces 

where U q {sl t °^ rl ) ± (resp. U q {\))) is generated by the xf m (resp. the kh, the hi >r ). 
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2.6. Representations of U q {sl t °L 1 ). 

Definition 2.15. A representation of U q {sl t °^ 1 ) is said to be integrable if it is integrable 
as a U q {sl n+ i) -module. 

Definition 2.16. A representation V ofU q (sl 1 ^ l ) is said to be of I -highest weight if 
there is v G V such that 

(1) V=U q {sl^ +l )--v, 

(2) U q (t>) -v = Cv, 

(3) for any i G I,m G Z ; xf m ■ v = 0. 

For 7 G U q {§) — > C an algebra morphism, by Theorem 12. 141 we have a corresponding 
Verma module M{^f) and a simple representation V("f) which are ^-highest weight. 
Then we have: 

Theorem 2.17. [36], [39] The simple integrable representations V(j) of U^sl 1 "^) are 
integrable if there is (A, (Pi)\<i<n) G P x (1 + uC[u]) n satisfying j(kh) = q x ( h > and for 
i G / the relation in C[[z]] (resp. in C[[z _1 ]]J 



l(<Pt(z))=q ±de9{P * y - 



Pi{zq) ' 



Pi{u) 



The polynomials Pi are called Drinfeld polynomials and the representation V^j) is then 
denoted by V((Pi) ieI ). 

(i) 

For all k > 0, a G C* and 1 < i < n, the Kirillov-Reshetikhin module Wt is the 
simple integrable representation of weight fcA^ with the n-tuple 

(1 - ua)(l - uaq 2 ) ■ • • (1 - uaq 2 ^^) for i = £, 
1 for * ^ t. 

The representations Ve(a) = W-fl are called fundamental modules. 

Consider an integrable representation V of ^ s * ne subalgebra W g (fj) is 

commutative, we have a decomposition of the weight spaces V u in simultaneous gener- 
alized eigenspaces 

0:7) 

where V(„ >7) = {x G ^/3p G N, Vi G {1, ... ,n},Vm > 0, (0± ±m - 7 f ± J p ■ x = 0} is 
finite-dimensional. If Vr V y\ ^ {0}, (^,7) is called an ^-weight of V. 

Definition 2.18. |19l [21] [39] The q-character of an integrable representation V of 
^g( s V+i) with finite- dimensional (.-weight spaces is defined by the formal sum 

Xq{V)= dim ( V "0,7)) e ( l/ '7)- 

(!/,7)GPxC z 

Furthermore we have the equality 

x(Res(V)) = f3( Xq (V)), 
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where Res(V) is the restricted Z^g(s^ n +i)-module obtained from V and 

(c,7)e?xC z y&P 
is Z-linear such that P{e(y, 7)) = e(v) for all (^,7) G P X C z . 

Proposition 2.19. |19 (, I2 H [39] Let V be an integrable representation of U q {sl t °^_]) . An 
i-weight {y, 7) of V satisfies the properties 

(1) there exist polynomials Qi(z), Ri(z) G C[z] (i G I) of constant term 1 such that 
in C[[z]] (resp. in C[[2 _1 ]]j: 



7 deg(Q i )-deg(ii i ) Qi(. z Q 1 )Pii. z <l) 



QMRiizq- 1 )' 



■ I . _i_ 1 1 ' 

m>0 

(2) there exist uj G P + , a G Q + satisfying v = u — a. 

At more, if V has a finite composition serie Lq = {0} C L\ C L2 C • • • C Lf. = V such 
that Lj + i/Lj ~ V((P?)i£i) where the roots of P- are in q z for all i E 1 , < j < k — 1, 
then 

(3) the zeros of the polynomials Qi(z), Ri(z) are in q z . 

If V is a Kirillov-Reshetikhin module, one reduces to the case where the defining 
parameter a is in q 1, by twisting the action by the automorphisms tj, of lA q {sl t °^_ l ) given 
by (b G C*) 

n{x%) = b r xf jr , n(h±J = b m hf m , n{kf ) = kf. 
Consider formal variables Y- e u (i G I , I G Z, v G P) and let A be the group of 

monomials of the form m = e w ( m ) ilig/ i<=z Y^' 1 where Ui } i(m) G Z, w(m) G P are 
such that 

5^«i,iM = w(m)(a 4 v ). 

For m £ A and i G / we set Uj(m) = Y2i£Z u i,i( m )- For example, Y^e ±A ' G vl and 
^4^; = e^Y^-il^+iY^ /^j+i ; ^ -4- ^ monomial m is said to be J-dominant (J C I) 
if for all J G J and Z G Z we have Uj t i(m) > 0. An /-dominant monomial is said to be 
dominant. 

Let V be an integrable W 3 (sZ^ < T 1 )-module such that for all ^-weight (^,7) of V, the 
roots of the associated polynomials Qi(z) and R%{z) are in g z for all i E I. For (^,7) 
an ^-weight of V, one defines the monomial rnr^ = e u Yl ieI igZ l ' 1 where 

= n( i - z ^ i ) ui ' 1 and fli(*o = n^ 1 - 

ZGZ zgz 
We denote V(j, )7 ) = V m , , . We rewrite the (/-character of an integrable representation 
V with finite-dimensional ^-weight spaces by the formal sum 

XqiV) = ^dim(V m )m G Z[[Y hl \] 

m 

Let us denote by M.(V) the set of monomials occurring in Xg(V). 
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By this correspondence between ^-weights and monomials due to Frenkel-Reshetikhin 
|19j . the /-tuple of Drinfeld polynomials with zeros in q z are identified with the domi- 
nant monomials. In particular for a dominant monomial m, one denotes by V(m) the 
simple module of ^-highest weight m. 

Similar results hold for the quantum affine algebra U q (sl n+ i) due to Chari-Pressley 
[8]. In this case, the simple integrable representations V((Pi)i e / ) are finite-dimensional. 
Furthermore the Kirillov-Reshetikhin modules wjp a (I G Io, a G C*, k > 0) can be ob- 
tained from the W g (s/ n+ i)-modules V(kAi) by evaluation morphisms ev a : U q (sl n+ \) — > 
U q (sl n+ i). They are isomorphic as W g (s/ n+ i)-modules for all a G C*. As consequences 
of these results, W{wf) is isomorphic to a fundamental representation Vi(a) for a special 
choice of the spectral parameter a G C* and Ve(a) has a crystal basis. 

Let Ci be the category of finite-dimensional £/ 9 (sZ n -|_i)'-modules (of type 1) and TZi 
its Grothendieck ring. Recall that C\ is an abelian monoidal category, not semi-simple, 
with simple objects the V((Pi)j e / ) and TZi is the polynomial ring over Z in the classes 
[V^(a)] (£ G Io,a G C*) (see [HJ [T9] ) . As in [26], we consider C^z the full subcategory of 
Ci whose objects V satisfy 

for every composition factor S of V, the roots of the Drinfeld polynomials 
(Pi(u)) ie i belong to q z . 

This is also an abelian monoidal category, not semi-simple and the Grothendieck ring 
TZi z of Ci z is the subring of TZi generated by the classes [V^(g s )] with l£lo,s£Z (see 

PS)- 

Theorem 2.20. [19] Xq induces a ring morphism \q '■ TZ-iz — > Z[y^]j g / 0i 2 e 2; called 
morphism of q-characters. Furthermore we have the following commutative diagram 

Res 

where the ring morphism Res : Hi z — > 7Z is the restriction and (3 : IZi — > 7Z is defined 
by f3(m) = e(uj(m)) for all m G A. 

One does not have expressions of the g-character of a representation in general. But 
explicit formulas exist for the fundamental modules and Kirillov-Reshetikhin modules, 
given in terms of tableaux [25\ HQ] . 

2.7. Extremal loop weight modules. We recall the notion of extremal loop weight 
modules for U q {sl t °^ l ). The main motivation is the construction of finite-dimensional 
representations of the quantum toroidal algebra as in the theory of Kashiwara, but at 
roots of unity in this case. 

Definition 2.21. [23] An extremal loop weight module of U q (sln+\) is an integrable 
representation V such that there is an l-weight vector v G V satisfying 

(1) U q {sl^ +l )-v = V, 
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(2) v is extremal for U^sl 1 "^), 

(3) Uq' 3 (sl^Ti) ■ w is finite- dimensional for all w GV and j £ I. 

Example 2.22. Ifm is dominant, the simple i-highest weight module V{m) of l-highest 
weight m is an extremal loop weight module. 

An example of such a representation which is neither of ^-highest weight nor of I- lowest 
weight is given in |23| . The goal of this article is to construct a new family of extremal 
loop weight modules, called level extremal fundamental loop weight modules. 



3. Study of the monomial crystals M(Ye t oY Q f) 

We will relate in our paper the monomial realizations M{Y^qYq^) of level ex- 
tremal fundamental weight crystals B{wg) o{U q {sl n j r i) with integrable representations 
of U q {sl t r '^_ 1 ) . In this section, we study the combinatorics of these monomial realizations, 
the main point being the use of promotion operators for level extremal fundamental 
weight crystals introduced below. This is the first step of the construction of integrable 
modules associated to M.(Yg^Y^). 

In the first part, one gives the definition of monomial crystals Ai [344 140] . This 
definition holds when the considered Cartan matrix has no odd cycles. So it does not 
work for U q {sl n j r i) when n is even. Following [27J, we recall the monomial realization of 
level extremal weight crystals and in particular of B{wi) (1 < I < n): it is isomorphic 
to the sub-£Y g (s/ n+ i)-crystal M{Yi,oYqI) of M. generated by the monomial Y^qY^ . 
Furthermore we define the notions of (/-closed monomial set and of monomial set closed 
by the Kashiwara operators, respectively related to the theory of g-characters and to 
the combinatorics of crystals. 

The monomial crystals M.(Yi qY^I) are already studied in [27]: the monomials oc- 
curring in these crystals are explicitly given when n G Mis odd and 1 < £ < n and their 
automorphisms Z£ are described in terms of monomials. We recall these results in the 
second part. 

In the third part, we introduce affinized promotion operators for the affinization of 
W g (s/ n+ i)-crystals of finite type. The promotion operators were introduced in [35] for 
the Young tableaux realization of the finite Z^ g (s/ n+ i)-crystals B{kk() (k € N*, 1 < 
£ < n) and studied in numerous papers (see [21 [161 H21 BH US] and references therein). 
It is the counterpart at the level of crystals of the cyclic symmetry of the Dynkin 
diagram of type An ■ The promotion operator on B{kK^) induces combinatorially a 
P c i-crystal structure which is isomorphic to the crystal basis of the finite-dimensional 
Kirillov-Reshetikhin module B{W {kwi)) (see [30J). We extend it to an operator of the 
P-crystal B^kg)^ (affinization of B{kK^)), called affinized promotion operator. As a 
consequence, we get promotion operators for the level extremal fundamental weight 
crystals B(zui) (1 < £ < n). We identify the promotion operator on B(zui) for its 
monomial realization A-^Y^o^ - /): it is explicitly given in terms of monomials. 



14 



MATHIEU MANSUY 



In the last part, we use the promotion operator of M(Y(> t oY^~g ) to obtain a new 
description of it. In particular, we precise results given in |27j for these crystals. Fur- 
thermore we determine the £ G Iq for which the £/ 9 (sZ2r+2)-crystals M. (Y^qY^ ) are 
closed (Proposition 13.23]) : this is the case if and only if£ = lor^ = r + l. 

3.1. Monomial crystals. In this section we define the monomial crystal A4 for 
U q {sl n+ i) when n = 2r + 1 is supposed to be odd, following (34J, HO]. The monomial 
realizations of the crystals £>(A) with A G P, in particular of B(zue) (1 < £ < n), are 
studied in [271 1341 [40] . We recall these results here. Finally we introduce new notions 
of g-closed monomial set and of monomial set closed by the Kashiwara operators. 

From now on, we suppose C without odd cycle, i.e. there is a function s : I —> 
{0,1}, i i — y S{ such that = —1 implies S{ + Sj = 1. This is only the case for 
U q {sl n+1 ) if n = 2r + 1 is odd (r > 1). 

Consider the subgroup A4 C A defined by 

M = {m G A | Uix = if I = Sj + 1 mod 2}. 

Following [Ml HO], let us define wt : M -»■ P and £j, (fi,Pi, : M -> Z U {oo} U {-oo} 
for i G I by (m G .M) 

wt(m) = w(m), 
Vi,L{rn) = y^Uijjm), <Pi(m) = max{^ i)L (m)|L G Z} > 0, 

£i,L(rn) = ~y~\ti,;(m), £j(m) = max{e iiL (m)|L 6 Z} > 0, 

Pi(m) = max{L G Z^^m 
max 





m 



1>L 

Then we define e « , : M ->■ .M U {0} for i G J by 

if£j(m) = 0, 

m^, Pi (m)-i ifffi(m)>0, 

JO if ifiim) = 0, 

/i,m ~ i m^r 1 , ifc^(m)>0. 

Theorem 3.1. [MlllQ] (.M,wt , £i, ipi, e-i, fi) is a P -crystal, called the monomial crystal. 

Remark 3.2. When the considered Dynkin diagram is not bipartite (this is the case in 

type A^ when n is even), (Ai, wt, £j, (fi, ii, fi) does not satisfy the axioms of crystal 
(see [34JJ. Another crystal structures are defined on (a subset of) A in |34| . But 
the monomials used are different with those occurring in the theory of q-characters of 
Mq(sln+i) -modules and it is not useful for what we will do in the next sections. 
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For m £ AA denote by A4(m) the connected subcrystal of AA generated by m. In 
the same way, AAj(m) (J C I) is the connected sub-J-crystal of AA(m) generated by 
m. 

For p£Z and a £ Q5 n P, let T2 PjQ , be the map T2 PjQ . : AA — > AA defined by 

T 2P , Q (e A nc")= eA+a nc; 2P - 

This is a P^-crystal automorphism of the crystal AA. We often omit a from the nota- 
tion and denote simply T2 P - 

The following result was proved in [34\ [4"0] when m is a dominant monomial and is 
generalized in [27] for general m £ AA. 

Theorem 3.3. Form £ .A/f, t/ie crystal AA(m) is isomorphic to a connected component 
of the crystal B(\) of an extremal weight module for some X £ P. 

We get monomial realizations of fundamental lo-crystals B(Aj). As these crystals 
are connected, we have 

Proposition 3.4. [Ml HO] For all n G W,i G Iq and k G Z, the U q (sl n+ i)- crystals 
•M.(Yi k) and £>(Aj) are isomorphic. 

It was shown in [33] that the fundamental extremal crystals B(wi) are connected 
{I G Iq). We have the following monomial realizations of them. 

Theorem 3.5. [27] Assume that n is odd and set M = Y^ qYq^ for I £ Iq. Then M is 
extremal in M. and A4(M) ~ B(tUf). 

For i £ I, set 3j : A4 — > AA the map sending the variables ly^ 1 to 1 if j ^ i and 
to themselves. An other map will be used below: H* : AA — > AA which sends the 
variables Yj 1 } to themselves if j ^ i and Y^ 1 to 1. 

Definition 3.6. (1) A set of monomials S C AA is said to be q-closed in the direc- 
tion i {i £ I) if for all m £ S there exists a finite subset S m C S containing m 
and a sequence (n s ) s& s m of positive integers such that Ei (J2 s eS m n s ' s ) * s ^e 
q-character of a representation ofhii. 

(2) A set of monomials S is said to be J -q-closed (J £ I), or simply q-closed if 
J = I, if S is q-closed in the direction i for all i £ J. 

(3) A set of monomials S C AA is said to be closed by the Kashiwara operators if 
the operators e~i, fi preserve S for all i £ I. 

(4) A set of monomials S C AA which is q-closed and closed by the Kashiwara 
operators, is called a closed set. 

Remark 3.7. The definition of q-closed set is inspired by the theory of q -characters and 
the Frenkel-Mukhin algorithm |17j . This notion extend naturally when q is specialized 
at roots of unity, by using the theory q-character at roots of unity |18| . 

Let V be an integrable U q (sl t ^ 1 )-module such that for all t- weight (z/, 7) of V, V( u ^) 
is finite-dimensional and the roots of the associated polynomials Qi(z) and Ri(z) are in 
q z for all i £ I. Then the monomial set A4(V) is g-closed. Note that it is not necessary 



16 



MATHIEU MANSUY 



that the Frenkel-Mukhin algorithm holds for V: the simple finite-dimensional U q {sl^)- 
module ^(^0^2,3) — ^(^1,0^2,3) ® V(Y\jq) considered in [26] does not satisfy the 
Frenkel-Mukhin algorithm and Ai(V(Y^ Q Y2 3)) is g-closed. 

In general, M(V) is not closed by the Kashiwara operators: for example the q— 
character of the ^(s^-module V(YiYq) contains the monomial Yq but do not contains 
Y^ ■ But this question is partially solved in [40]: it is question to endow the set of 
monomials occurring in the (i-analogue of) g-character of a finite-dimensional repre- 
sentation of U q (sl n +i) with a structure of crystal. Let m G M. be a dominant monomial 
and S(m) its associated standard module (the standard modules are finite-dimensional 
W g (sZ n -fi)-modules defined in [39], also parametrized by dominant monomials). Let 
X^t(S(m)) be the t-analogue of g-character of S(m) introduced by Nakajima [40J and 
still denote by M(S(rn)) the set of monomials occurring in Xq~t(S(m)). Then 

Proposition 3.8. [30] M(S(m)) has a crystal structure which is isomorphic to a direct 
sum of crystals of highest weight modules. 

One can precise this result when the considered standard modules are fundamen- 
tal modules of U q {sl n+ i). In fact by tableaux sum expressions of the g-characters of 
fundamental modules, one shows in a combinatorial way that 

Proposition 3.9. LetV(Yi be a fundamental representation ofU q (sl n +i), withi G Iq 
and k Gli. Then A4(V(Yi &)) has a crystal structure isomorphic to Ai(Yn.). More pre- 
cisely, monomial sets M.{Yi,k) and •M.(V(Y^k)) are equal and the crystal isomorphism 
is given by the identity map. 

Corollary 3.10. For all 1 < % < n and k G Z ; the U g (sl n +i) -crystal A4(Yi &) is closed. 

Finally, let us give an example of monomial crystal which is not (/-closed. Consider 
the W 9 (sZ 2 )-crystal M(Y 4 Y ) 

Y 4 Y -> Y b r l Y -> Y^Y 2 -\ 

If M(YiYo) is g-closed, it should contain M(V(Y^Yq)). This is not the case, the q- 
character of V(Y±Yq) being 

X q (V(Y 4 Y )) = Y 4 Y + Y^Yo + Y 4 Y 2 ^ + Y 6 l Y 2 \ 

3.2. Description of the monomial crystal A4(Yi^Y^). Assume that n = 2r + l is 
odd with r > 1. The monomial crystals •M(Yi i qY^~ ( ) are studied in [27l Section 4]: the 
monomials occurring in these crystals are explicitly described and the automorphisms 
Z£ are given in terms of monomials. We recall these results here. 

Assume that I < r + 1 (the case i > r + 1 can be obtain from these cases by applying 
a diagram automorphism). 

One defines the monomials 

I k | p = Y^} l p+k Y k}P+ k-i for 1 < k < n + 1, p G Z. 



QUANTUM EXTREMAL LOOP WEIGHT MODULES AND MONOMIAL CRYSTALS 

with Y n+ i )P = Yo tP by convention. Set Mq = Y^qYqI and 
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M, = Y, o,Y 



-i 



2j 1 0,n-e+l+2jYj/+jYj, n — t+l+j 



I 1 L — />+9j l 2 L — /+3j-9 ' ' ' I j [ 



k-e+2 



f-1 



i+2 



£-3 



Jl-f+2j 



nm 

P =i 



ln-£-2p+2j'+2 



n lb* 



p=j+i 



-2p+2j 



with < j < t. In particular, = Y^ n +i 

F o7nW = r «+i( M o) and M 1 = t 2 (M ) for 
t = r + 1. One defines other monomials in the following way: for j € Z and a Young 
tableau of shape (^) T = (1 < ii < i% < • • • < i% < n + 1) we set 



-2p+2j 



for < j <£- 1, 



(ii) ^=fiQ3^_ 2p+2j+2 x n q +1 

p=i p=i+i 

and m T -j+e = T n+ im T -j. 

By Theorem 13.5^ .M(Afo) and B(wg) are isomorphic as P-crystals. Furthermore 

Proposition 3.11. [27] 

(1) A^/ (Mj) consists ofmx-j for various sequences T. 

(2) The map a : M(YiqY^) —?■ A4(Yi^Y^) defined by a{rriT;j) = raxy+i is a 
Pd-crystal automorphism equal to zj l . 

(3) We have the equality of Iq- crystals 



(12) 



M(Y tfi Y Q -J) = [J r n fc +1 □ Mi (Mj) . 



vi=o 



(4) The Kashiwara operators e~i , fi are described in terms of tableaux: for i ^ we 
have ii ■ itit-j = m T' j ° r 0. Here T' is obtained from T by replacing i + 1 by i. 
If it is not possible (i.e. when we have both i + 1 and i in T), then it is zero. 
Similarly fi ■ mr-j = mr";j or 0, where T" is given by replacing i by i + 1. For 
the action ofe~o, fo, we have 



e • m T .j 



fo ■ m T ;j 



in 







ifii 7^ 1 or ii = n + 1, 
(i 2) ... ,u,n+i);j-\ ifh = 1 and U^n + 1, 

if i\ = 1 or %i n + 1, 



v m (i,ii,-,i/-i)y+l ifh y^l andi e = n + l. 

By the above description, we have 

Proposition 3.12. There is a bisection given by H° between A4j (Mq) and A4(V), 
where V = V(E°(Mq)) is the simple finite- dimensional U q {sl n+ i) -module associated to 
H°(Mo). In particular, the monomial crystal A4j (Mq) is Iq- closed. 

We determine in the next proposition when zi has the particular form of a shift. 
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Proposition 3.13. There exists p G Z such that the automorphism zg of M(YefiY^ ) 
is equal to r p if and only if i = 1 or £ = r + 1. Moreover, we have z\ = t_„_i and 

Z r +1 = T-2- 

Proof. We have seen that ze = cr _1 . So it suffices to determine when a is a shift. We 
have the equality a e = T n +i. Hence if £ = 1, <r = r n+ i is a shift. Assume that £ = r + 1. 
In this case, M\ = t-2,(Mq) = a(Mo). As the crystal A4(Mq) is connected and <r and 
T2 are automorphisms of crystals, we have a = t%- For the other cases, a is explicitly 
known and is not a shift. □ 

3.3. Affinized promotion operators and monomial crystals M.{Y^qYq^). In this 
section, we introduce promotion operators for the affinization of Z/(j(sZ n _|_i)-crystals of 
finite type and for level extremal fundamental weight crystals. We explicit them in 
the monomial realizations of B{wi) (1 < £ < n). 

Let us begin by some definitions and properties about the promotion operators (see 
[2j 1161 li"4"l 145] and references therein for more details). In type A n , the highest weight 
crystal £>(A) of highest weight A can be realized by the semi-standard Young tableaux 
of shape (A) with weight function wt given by the content of tableaux (i.e. wt(6) := 
(wi(b), . . . , w n+ i(b)) where Wi(b) is the number of letters i occurring in the tableau b). 

Definition 3.14. Let B be a U q {sl n+ \)-crystal. A promotion operator pr on B is an 
operator pr : B — > B such that 

(1) pr shifts the content: if wt(b) = (wi, . . . , w n+ i) is the content of b G B, then 
wt(pr(6)) = (w n+ i,wi, . . .,w n ), 

(2) promotion has order n + 1 ; pr n+1 = id, 

(3) pr o ii = gj+i o pr and pr o fa = fa +1 o pr for i £ {1, 2,...,n— 1}. 

Given a promotion operator pr on a ^(s/n+^-crystal B, one defines an associated 
affine P c i-crystal by setting 

eo := pr -1 o e\ o pr and fa := pr -1 o fa o pr. 

It was shown in [45] that the W 9 (si n +i)-crystal £>(A) has an unique promotion operator 
pr when A is rectangular (i.e. of the form kht with I £ Jo and k G N*), given by the 
Schiitzenberger jeu-de-taquin process. Furthermore the affine P c i-crystal obtained from 
B(kAe) by using the promotion operator pr is isomorphic to the crystal basis of the 
irreducible finite-dimensional ^/ <? (s/ n+ i)'-module W(kAi) (see [30]). 

From the affine P c i-crystal B(kAe), let us consider £>(&A^) a ff its affinization (see also 
[33]): this is the P-crystal Q[z, z' 1 ] B(kkt) such that for all s G Z and b G B(kAe), 

wt{z s b) = wt(6) + sS, Si ■ z s b = z s+5 *'°(ei ■ b), fa ■ z s b = z s ~ 6 ^{fa ■ b). 

We introduce the affinized promotion operator on B{kAg)^. 

Definition 3.15. Let us consider the crystal of finite type B(kAi) (k G N, £ G Iq), pr its 
associated promotion operator and B{kAg) & fi its affinization. The affinized promotion 
operator pr aff on BikAg)^ is the operator pr aff : B(fcA^) a g — > B(kAi) SL g such that for 
all b G B(Ae) and s G Z, 

pr aff (z s 6) = z'-^+^pvib). 
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One checks easily the following statements. 

Lemma 3.16. The affinized promotion operator pr aff of the crystal of finite type B(kA#) 
shifts the content. It satisfies 

P r aff h = e i+ i o pr aff and pr aff o fi = f i+1 o pr aff 

for i G {0,1, ... ,n} (where e n+1 , f n +i are understood to be eo, /o respectively). It has 
infinite order, the weight o/pr^g 1 being —kid. 

As for all t G Io> the P-crystals B[wi) and ^(Af) a g are isomorphic (see [33J ) , the 
affinized promotion operator pr aff : B(A^) a g — > £>(A^) a fj induces an operator on the 
level fundamental extremal crystal B(w(). We call it promotion operator of B{wg), 
also denoted by pr aff . 

We want to explicit the promotion operators of B{wg) in the monomial realizations. 
For that, we recall the notion of twisted isomorphism of crystals (this definition appears 
in [2]). 

Definition 3.17. Let B and B' be crystals over two isomorphic Dynkin diagrams D and 
D' with vertices respectively indexed by I and I' and let 9 : I — >• /' be an isomorphism 
from D to D' . Then <f> is a 9 -twisted isomorphism if for all b G B and i G I, 

h(i) ■ 4>( b ) = <t>{h ■ b ) an d ee(i) ■ 4>( b ) = <K g i • &)■ 

Recall that one has defined an automorphism 9 of the Dynkin diagram of type 
corresponding to a rotation such that 9(i) = i + 1 (i G I). Let (ft : M. — > M. be a map 
defined by 

Proposition 3.18. The map (ft : M — > A4 is a 9-twisted automorphism of the P -crystal 
A4. Furthermore it induces a 9-twisted automorphism of M.^Y^qY^}') for all i G 7o- 

Proof. It is easy to check that the map preserves the crystal structure of AL Let us 
show that (ft induces a 0-twisted automorphism of M.{Y^qYqI) (£ € Iq). As A^Y^o^q - /) 
is connected and (ft is a twisted automorphism of Al, it suffices to show that 

l +1 is in M{YiflY Q J). But the monomial Yi + i^Y 1 J +l can be 

obtained by applying successively the Kashiwara operators fi, ft-\, ■ ■ ■ , fi on Y^qYq} 
and hence is a vertex of M (Y e>0 Y~l ) . □ 

Denote by <p : £>(A^) a g- — > A4(Y^o^o~/) the isomorphism of P-crystals between 
£(A^) aff and M(Y ifi Y~l). It is explicitly given by 

if : z s T (s G Z,T G £(A £ )) ^ m T; _ s G A^Y^T/)" 

The following result relates the 0-twisted automorphism (ft of M.{Y^qYq.') to the pro- 
motion operator of B(wi) introduced above. 
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Proposition 3.19. Leipr aff be the promotion operator ofB(we) and(p : J^OY^qYq}) — > 
M.{YfoY^^) the 6 -twisted automorphism of JvKY^qYqp) introduced above. The follow- 
ing diagram commutes 



P r aff 



laff 



■M(Y ij0 Y-l) 
M{Y^Y-l) 



Proof. For 1 < k < n + 1 and p € Z, we have 

EL) = W 



Y, 



-i 



k,p+k+lYk+i,p+k 



Fix j G Z and T = 
^ ^ n + 1 , we have 



if < n, 

(1 < ii < ^2 < • ■ • < i| < n + 1) a Young tableau of shape A^. If 




\n-£-2p+2j+2 



n 



2p+2j 



n i i^_n-i-2 P +2j+2 x n 

p=l p=j+l 

= rn pr{T) .j = 99(pr aff (z^r)). 
Assume that ig = n + 1. Then 

j £-1 



\£+l-2p+2j 



(f>(m T ;j) 



n 

p=l 



x TT 

-2p+2j+2 1 1 

p=jr' + l 

™pr(T);j+l = y?(pr aff (£~ J T)). 



ip+1 






£+l-2p+2j L 



-£+2j+2 



□ 



3.4. Application of promotion operators to the study of M(Yi^Y » ). In this 

section, we use promotion operators of the monomial crystals A4(YefiY^) of U q {sl n+ i) 
to obtain a new description of them, precising results given in |27j . Moreover, we 
determine the t € Jo for which the crystals M.(YifiY^~ e ) are closed. We still assume 
that n = 2r + 1 is odd and t € Jo . 



Let us begin with the following remarks. The monomials (jp (Y^o^r 1 



will have a particular importance in the construction of level extremal fundamental 
loop weight modules. One can explicit them thanks to the ^-twisted automorphism <fi 
of Ai in terms of Young tableaux 

• if j is such that I + j < n + 1, Yg + jjY~^ ■ € A^/ (Afo) and is equal to rriT-o 
withT = (j + l,i + 2,...,i + £), 
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• if 1 < j < i - 1, then Yj >n -t + j +1 Y~} e+j+ ^ n+j+1 G Mi (Mj) and is equal to 
rriT-j with T = (1, 2, . . . ,j, n — £ + j + 2, . . . , n + 1). 

We will have to consider the finite sub-ij-crystals of AA.{Yi,oYq^) 

M h ( Y e+j,j+k(n+l) Y j/ +j+k{n+l) ) 

for j & I and k G Z. Note that one of these crystals can be obtained from an other one 
by application of powers of <f>. 

Proposition 3.20. Let £ G Iq. We have the equality of sets 

M(Y efi Y Q J) = (j r k n+1 I [j M^Y^jYrl 
kez \j=o 

Proof. As Ye+j t jY~^ G M(Y^qY q J) for all < j < n and M(Y^ Y^l) is connected, 

n 

U Mi^jYf^) c M(Y e , Y-l) 

j=0 

as sets. 

Let us fix m T .j G M{Ye, fl Y~J) with < j < £ - 1 and T = (1 < i x < i 2 < . . . < 
i£ < n + 1). We will show that mrj G [J^q Mi J (Yg + jjY^ e 1 + j). If j = 0, we have 
niT-Q G .M/^Y^o^o"/)- Assume that 1 < j < £ — 1 and set s = — 1. Then 
T = (i\ < ■ ■ ■ < ij < s + 1 < <■•■<*£) and by application of the Kashiwara 
operators e\, . . . , e s _i, e s+ 2, • • • , e n on m^jj, we show that 

m T .j G .M/ s (mT'-j) with T' = (1 < • • • < j < s + 1< • • • < s + £ - j). 

By applying ei, . . . , ej_i, e s+ g^j + i, . . . , e n and eo on rriT'-j, it is sent on 

m T »;0 with T" = (s + 1 < • • • < s + £) if s + £ < n + 1, 

and on 

rriT"-u with u = <s + £ — n — 1,T = (1 < ■ ■ ■ < u < s + 1 < ■ ■ ■ < n + 1) otherwise. 

Furthermore rriT";u = (p s (YefiY^) = %s,s^ s ~/+s °y the above remark and tht-j is also 
contained in Mi s {Yi +s>s Y~l +s ). □ 

Remark 3.21. One of the questions treated in [271 Section 4] is to give an explicit 
description of monomials occurring in A4(Y^qY^). The preceding proposition gives 

precisions in the following way: the £ ■ (^~£^j monomials in M(YiqYq^) can be 

obtained from the I {o,i}~ crystal M.j {0 1} (Yi qY^) with only (. U vertices by applying 

<p. In fact, a monomial my ; o G -M/ {0 1} (Y^qY^) is such that T' has the form T' = 
(1 < %2 < ••• < ii)- And all the others mr-j can by obtain from them by applying 
powers of <f>. 
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We determine when the monomial crystal M(Ye t oY Q e ) is closed. For that, we need 
the following lemma which will be also used in the next section. 

Lemma 3.22. Assume that Z£ is a shift r_ p . For any < j < n, we have the equality 
of I j -crystals 

(13) M(Y i>0 Y-l) = □ rl (Mj 3 (Y t+jd Y£ +j j) 

feez 

Proof. This is straightforward from (|12p and the fact that r_ p and <j) commute. □ 

Proposition 3.23. The monomial crystal MiY^^Y^) * s closed if and only if £ = 1 
or £ = r + 1. This corresponds to the case when zg has the form of a shift. 

Proof. Assume that 2 < I < r and consider the monomial 

Mj = y^ 3 Y^ l+1+2j Yrl +j Y^ t+1+3 € M{Y fl Y Q j) 
with j 7^ 0. If the crystal AAiY^flY^) is g-closed, the monomial 

m = Y e,2jY ^_ e+1+2j Y j/+j _ 2 Y j J 1/+j _ 1 Y j ^ 1/+j _{Y j ^ n _ e+1+j 

has to be a vertex of it. But it is not the case, m being not of the form (|lip . 

Now assume that I = 1 or r + 1. In this case, zi = r_ p with p = n + lorp = 2 
respectively and by the above lemma 

M(Y fi Y-j) = □ r k p (.VI/ o;,,,V.,;) 

kez 

as /./-crystals (0 < j < n). As the finite crystal Mi^Mq) is Jo-closed, the /./-crystals 
•M-ij (Yi+jjYfi+j) are Jj-closed for all < j < n and A4.{Yi^Yq^) is closed by the above 
equalities. □ 

4. Level extremal fundamental loop weight modules for U q (sl t °^_ 1 ) 

WHEN M(Y£ )0 Y~l) IS CLOSED 

Assume that n = 2r + 1 is odd (r > 1) and A4.(YnflY^) is closed (it holds if and 
only if I = 1 or t = r + 1). In this section, we relate the monomial crystals A4(Yf^Y^) 

(£ € Jo) of U q {sl n+ i) with integrable representations of U q (sl t 1 ^_ 1 ), which we expect to 
be extremal loop weight modules. 

In the first part, we construct a new infinite family of representations V (Y^qY^) of 
Mq(sln+i) (Theorem I4.ip . We call these representations the level extremal fundamen- 
tal loop weight modules. Let us give the outline of this construction: consider the vector 
space V {YtfiY^) freely generated by the monomials occurring in M{Y lfl Y~l). For all 

< j < n, we define a structure of Wg' : '(s/^ 1 )-module on it denoted by ViYlfi^Qi) 
such that 

V(Y e , Q Y-^ = ®V^ 

fcgZ 
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where V fc is generated by the m € -M-ij {Yl+hj+k^'j l+j+k) as vector space, endowed 
with a structure of U^ J (si^ 1 )-module isomorphic to V{Yfj + kYQ^ + - +k )^\ This de- 
composition can be compared to the equalities of crystals (|13|) , We define in this way 
an action of U q {sl t °^_ 1 ) on V (YipY^), the compatibility between the action of vari- 
ous vertical subalgebras being a consequence of the existence of promotion operators 
on A4(Y£fiY^f ). Furthermore the g-character of V(Yz,qYqI) is the sum of monomials 
occurring in M.{Y^qYq^ ) with multiplicity one. 

In the second part, we study these representations: we show that V^Ylfi^oi ) is 
irreducible and it is an extremal loop weight modules, generated by an extremal vector 
Vy eQ y-i of ^-weight Y^qYq^. Furthermore explicit formulas are given for the action 

of U q {sl t °^ l ) on V(Y£ t oY^~g). It is remarkable that these formulas are expressed only 
in terms of the constants of the associated monomial crystal and are "universal" in 
the following sense: the action on all the level extremal fundamental loop weight 
modules V{Y^qYq^) is completely determined by these formulas and by the data of 

the corresponding monomial crystals A4(YgfiY^). This sheds new light on the link 
between monomial crystals and the theory of g-characters already expected in [27J. All 
these sentences hold for the fundamental ^-highest weight modules V(Y^q) oilA q {sl n j r \) 
with the corresponding monomial crystals ■M(l^o)- 

In the third part, we specialize q at a root of unity e. We obtain new irreducible 
finite-dimensional representations of the quantum toroidal algebra W e (sZ^Ti). 

4.1. Construction of the level extremal fundamental loop weight modules. 

Let us begin by the main result of this section. 

Theorem 4.1. Assume that n = 2r + 1 is odd and £ = 1 or r + 1. There exists a 
representation of U q (sl!^_ 1 ) whose q-character is the sum of all monomials occurring 
in A4(YifiY^~g) with multiplicity one. It is denoted by V(Y£qY q '^) and called the level 
extremal fundamental loop weight module of extremal i-weight Y^qYq^. 

To construct these representations, let us start with results about the fundamental 
modules F(Y^fc) of U q {sl n+ \) (n € N*, 1 < t < n, k 6 Z). As a U q (sl n+ i)-module, it is 
isomorphic to the fundamental highest weight module ^(A^). So we begin by recalling 
some well-known facts about V(Ae) which will be useful. 

Lemma 4.2. All the weight spaces of the fundamental highest weight module ^(A^) 
(1 < £ < n) are of dimension 1. Furthermore the Weyl group of finite type W acts 
transitively on wt(V {hp)) . 

Proof. We give here a proof of these results by considering the associated crystal £>(A^) 
of semi-standard Young tableaux T = (1 < i\ < ■ ■ ■ < %i < n + 1) of shape (A^). 

For all Young tableau T of shape A € NA X © • • • © NA n , we consider wt(T) — 
(wi,W2, • • • ,w n+ i) as an element of P as follows. Set = Aj — Aj_i for 2 < i < n, 
e\ = Ai and e n+ i = —t\ — — In particular, «j = — ej+i and we have P = 

Zeiffi- • -©Ze n+ i. Set wt(T) = u>iei-| \-w n+ ie n+ \. For T = (1 < i\ < ■ ■ ■ < ig < n+1) 

of shape (A^), we have wt(T) = + • • • + £i n+1 . These weights are different to each 
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other and for all v G wt(V(A()), 

Furthermore Ai = e\ + ■ ■ ■ + eg and the action of the simple reflections Sj on 
(1 < i < n, 1 < j < n + 1) is 

' e i+ l ifi = j, 

Hence, W acts transitively on wt(V(A^)). □ 

Proposition 4.3. Let V(Yg^) be a fundamental module ofU q (sl n +i) (£ G Io,k G Z). 
There exists a basis (v m ) of V(Yt k) indexed by the vertices of the monomial crystal 
•M.(Yik) such that for all i E Jo and m G M(Ye k), 

where v q = by convention. 

Proof. As a U q (sl n +i)-module, V(Yi,k) is the extremal weight module of dominant 
weight A^, generated by an extremal vector of weight Ag, denoted by v. Hence, there 
exists {v w } w€ w such that vid = v and 

xf fi ■ v w = if ± w(X)(hi) > and ( X T)(±-W(M) . Vyj = 

By the above lemma and the fact that v w is of weight io(A^) for all w G W, {v w } w ^w 
is a basis of V(Y£,k)- 

We reindex this basis in the following way. The weight subspaces and the ^-weight 
subspaces of V{Y(, t k) coincide and are of dimension one. As consequences, all the v w 
are ^-weight vectors and for all m G A4(V (Yg^)) = M(Yg^) there is an unique w G W 
such that v w is of ^-weight m. So for all m G M.{Y^k), let us define v m as the unique 
vector v w of ^-weight m. 

We determine the action of Uq{sl n+ i) on this basis. Fix m G AdiYg^) and let 
w G W be such that u m = (w is determined by the equality w(A() = wt(m)). For 
all i G lo, we have wt(m)(/ij) = —1,0, 1. Then xf ■ v w is equal to zero or is of the 
form v Si ( w \. In the first case, there is no monomial in M{V '{Yt,k)) = •M.(Xi,k) or " weight 
wt(m) ± ctj and e~i ■ m = fi ■ m = 0. In the other case, there is an unique monomial in 
■A^T^Y^k)) = M.{Yg^) of weight wt(m) ± af. it is respectively h t ■ m or /j • m. Hence 
we have xf ■ v m = v^-m and x^ ■v m = v^ m . □ 

In particular, the action of U q (sl n +i) on the fundamental modules ViXt,k) is de- 
termined by the combinatorics of monomial crystals M{Yl,k)'- in fact, the action of 
operators xf r (1 < i < n, r G Z) deduces from the action of the xf (given by M.(Yg^)) 
and the action of hi <r (given by the I- weights m G A4(Yt it)) from (|7|). 

Let us begin the construction of level extremal fundamental loop weight modules. 
Assume that n = 2r+l is odd and consider the monomial crystal A4(Yg j0 Y^), supposed 
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to be closed. This is the case if and only if£=lor£ = r + l (Proposition 13.23]) . Set 
p = n + 1 or p = 2 respectively. 

Denote by £ (resp. Ej k for < j < n and k G Z) the set of monomials occurring 

in M(Y £>0 Y-l) (resp. in r k p (M, i)) . ,.,)).,[ ,)) = A^J i (^ + i,i+* P ^+ i+ fc p ))- By (USD, 
one has £ = |J fcgZ f^fc for all < j < re. 
Let 

(14) V{Y^Y~l) = Cv m 

be the vector space freely generated by elements of £ . For all < j < n and k G Z 
set = © me £-. fc Cw m the subspace of V of dimension dim(y(A^)). In particular, we 
have 

m,oV) = 0^' ) - 

fcez 

We endow the vector space V(Y£^Y^) with a structure of Z^g'' 7 (sZ^ 1 )-module as 
follows (0 < j < re): for all k G Z, let (w m ) be the basis of the Wg'"' (s^°[ 1 )-module 
^(Y^j+fcp)^ defined in Proposition 14.31 indexed by the /^-crystal Mu (Y^+jj+fcp). Let 
us define an isomorphism of vector spaces between vjp and V(Y e:j+kp )^ by 

V U) _> F(Y Wp ) (i) 

We endow the vector space vjp with a structure of ^'^(s/^-J-module by pull back 
the action of ^(^n+i) on ^0^,j+fc P ) (j) - B Y direct sum, V{Yz fi Y~t) is a Ug d {sl^)- 
module, denoted by V^o*^ 1 

Proposition 4.4. There exists a structure of U q (sl%%_±) -module on V(YiqY^) such 
that for all j G I the induced Uq' 3 (sl 1 ®^) -module is isomorphic to V (YtfiY^g )^ . Fur- 
thermore the q-character of ViXiflYQg) is 

X q (V(Y tfi Y-D) = m, 
where £ is the set of the monomials occurring in M(Y^qYq})- 

Proof. To define an action oiU q (sl t °+ 1 ) on V(Yg j oY^~g), it suffices to determine the action 
of the subalgebras Ui for all i € I. For that, let j G I be such that j ^ i. The action 
of Ui on V(Yi fi Y~l) is the restriction of the action of Uq' j (sl^) on V{Y lfi Y~})^\ 
This definition is independent of the choice of j 6 I, j / i: for m G £, the action of 
J {sI%a-i) on the vector t> m is determined by the sub-Ij-crystal M.j. (rre) of M. {YlfiY^g ) 

and by the t- weight r?{m). So the action of Ui on v m is determined by the action of Si 
and fi on rre and by the ^-weight Hj(rre) which are independent of the choice of j. 
Let us show that this action endows ViYg^Y^l) with a structure of W g (s/^ i °[ 1 )-module. 

We fix two indices G I and we check the relations satisfied by U% x and Ui 2 . The 
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indices i\ and 12 are in the same connected subset i, of the set of vertices of the Dynkin 
diagram (j £ I). By construction, the action of and Ui 2 are restrictions of the action 
of Uq'^sl^) on V(Y i>0 Y~l). As V(YijaY^)W i s a ^g' i «°| 1 )-module, the relations 
between U% x and Ui 2 are satisfied and V(Yf^Y^) is a W (? (s/^ [ 1 )-module. 

By construction, the induced Uq J (s^ t °£ 1 )-module of V(Yi^ Y^) is isomorphic to 
V(Yi^qYq^)^ for all j € /. Furthermore the ^-weight of v m is S,(m) for the action of 
Ui (i G /). So m is the ^-weight of v m and the g-character of V {Y^flY^p 1 ) is the sum of 
monomials occurring in A4(YifiY^) with multiplicity one. □ 

4.2. Study of the level extremal fundamental loop weight modules. In this 
section, we study the U q (sl t ^ 1 )-modules V(Yi ) qY^), where n = 2r + 1 is supposed to 
be odd and £ = lor£ = r + l. We set p = n + lorp = 2 respectively. 

Proposition 4.5. The U q (sl^ 1 ) -module V (Y^^Y^) is integrable. Moreover, it satis- 
fies properties (3) and (4) of Remark \2.4\ with weight subspaces of dimension one. 

Proof. The (/-character of V (Yi^Y^) is known: this is the sum of monomials occurring 
in A4(Y£fiY^) with multiplicity one. Furthermore one has the equality of Jo-crystals 

M(Y e>0 Y-l) = [J r k p (M Io (Y tfi Y-D) . 

For all m € A4.i Q {YiflYQ^) and fc£Z, wt(r^ (m)) = wt(m) — k5. So to prove that the 
weight spaces of V (Y^o^o- - /) are of dimension one, we have to show that the weights of 
monomials occurring in A4i (Y£ t oY^) are different to each other. More precisely, it is 
sufficient to show that the sum 

wt(S°(m)) eZAi0---0ZA n 

m&M lQ (Y lfi Y~J) 

is without multiplicity. This is a consequence of the above results: this is the character 
of the Wg(s/ n+ i)-module V(A^). 

For all j G I, the representation V(Y^qYqI) is completely reducible as a Uq J (s/J l °[ 1 )- 
module and we have 

(15) m,oV) (i) = nYe,j + k P ) U) . 

As the representations V(Ypj + k P ) are all integrable, it holds for V{Y^qYqI). Further- 
more y(l£.o^o~/) satisfies the stronger property (4) of Remark I2.4t in fact the repre- 
sentations V(Yp j + kp) are all isomorphic as U q {sl n+ \)-m.od\i\es and satisfy property (4). 
Hence we have V{Y £i0 Y-l)„ +Nai = {0} for all v € P, i € I, N » 0. □ 

Theorem 4.6. The U q (sl^ L ) -module V (Y^o^o"/) is an extremal loop weight module 
generated by the vector v y y -i of l-weight Ye^Y^ . 
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Proof. The formulas (|15H imply immediately the third point of Definition 12.211 The 
first two points are consequences of the following lemmas. □ 

Lemma 4.7. Let M! be a sub-U q (sl n+ i) -crystal of M.. Assume that V is a U q (sl n+ i)- 
module with basis (v m )meM' satisfying 

(16) wt(f m ) = wt(m), xf ■ v m = v Si . m and x~ ■ v m = v^ m 

for all m G M.' and i G /, where vq = by convention. If the monomial m is extremal 
of weight A, then the vector v m is an extremal vector of V of weight A. Furthermore 
if the crystal M.' is connected, then the U q (sl n +i) -module V is cyclic generated by any 
v m with m G M! . 

Proof. Assume that m is extremal of weight A: there exists {m w } w ^ such that mjd = 
m and 

e; • m w = if w(\)(hi) > and (fi) wW(hl) ■ m w = m Si(w) , 
1 ' fi-m w = 0i{ w(X)(hi) < and (S^WCm) • m w = m Si(w) . 

For all w G W, set v w = v mw . By dTHJ) and CLI]), {v w } w& ^ satisfies vid = v m and 

xf ■ v w = if ± w(X)(hi) > and ( X ?)(±™W(^)) . Vyj = 

Hence the vector v m is extremal of weight A. 

Assume that the crystal A4' is connected and fix m G A4'. For m' G A4', there exists 
a product s of Kashiwara operators such that s{m) = m! . Consider the corresponding 
operator S G U q {sl n+ i) at the level of V, i.e. 5 has the same expression as s where 
the operators e, (resp. fi) are replaced by xf (resp. x~) in the product. By (fT6j) . 
S(v m ) — i's(m) — V and the U q (sl n ^i)-uiodvle V is cyclic generated by v m . D 

Lemma 4.8. The t-weight vector v Ye oY - 1 £ ^(Y^o^o"/) *s an extremal vector of weight 
■cue for the action of U q (sl^+i) ■ Furthermore 

Proof. Let us begin to show that the basis (t> m ) of ^(Y^oYq^ 1 ) introduced in (fl4"|) 
satisfies properties (fT6|) . For all m G A^Y^o^o"/)' ^ * s an ^-weight vector of ^-weight 
m and wt(v m ) = wt(m). Fix 2 G / and let j G / be such that j 7^ i. As U q ,:l (sl 1 "'^)- 
module, ^(Y^oYq - /) is completely reducible (see (fT5|) ) and there exists A; G Z such that 
i> m G V(Y£j + jbp)w). As properties ([16]) are satisfied in F(Y£j + j.p) by Proposition 14.31 
it holds on v m for i G J. 

From there the result is a direct consequence of the fact that the monomial Y^qYq} 

is an extremal element of the connected crystal Ai (Ye^Y^ ) (Theorem 13. 5p . □ 

Proposition 4.9. T/ie U q (sl^ l ) -module V (YipY^) is irreducible. Furthermore it is 
simple as a U^sl 1 "^) -module, isomorphic to V(vjf). 
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Proof. Let W be a non trivial sub-^(s^°[ 1 )-module of V(Yt t oY^ e ). As the weight 
spaces of V (Yp ^Y^) are all of dimension one, there exists m G A4(Y^o^o~/) such that 
v m £ W. By Lemma [321 % generates V{Y^qYq^) and W = T^Y^oi^ 1 ). Hence 
F(Y£ 5 o^o"/) * s simple as a ZY^ (sZ^ 1 )-module and as a W g (sZ^ 1 )-module. Furthermore 
v y y-i generates the integrable module V(Y^oYg - /) and is extremal of weight ro^. As 
the (sZ^ 1 )-module V(Y^ Y^~ i ) is simple, it is isomorphic to V{wi). □ 

This result suggests that the W g (sZ^°f 1 )-module V(Y^qY^) can be obtained from 
the extremal weight module V(we) by an evaluation morphism. Actually this is not 
the case for the following reasons (which generalize arguments given in [23]): as a 
W^(sZ*°^ 1 )-module, V (Yi^Y^) is isomorphic to V(wg). In particular, 

t p : V(wi) -t V(vu e ),v m (->■ v Tp ( TO ) for all m G M^oY^/) 

is a ^/ 9 (sZ n+ i)'-automorphism of V(wp) (with p = n + 1, 2 if £ = 1, r + 1 respectively). If 
^(Y^oYq - /) i s obtained from an evaluation morphism U q {sl t ^ 1 ) —> U q (s^+i)' t p should 
induce an automorphism of V(y^o^o"# )• But it does not commute with the action of 
the xf r , hi jT for i £ I and r G Z — {0}. In the same way, ViY^fiY^) can not be obtained 
from an evaluation morphism U q (sl t ^ l ) — > Uq' 3 (s^°7i) e -0- m ^ ac ^' ^O^lfi^oe ) * s 
completely reducible as a W ? J (sZ„ c T 1 )-module and is a direct sum of fundamental mod- 
ules (see (fT5j) ). But it is a simple U q (sl%%_i)-module. 

From now on, let M! be a subcrystal of M. for U q (sl n+ i) (resp. U q (sl n+ \)) and 
consider the vector space V with basis (u m ) indexed by the vertices of M! . We define 
an action of U q (sl n+ \) (resp. ^/ (? (s/^°[ 1 )) on V by the following formulas 



(18) 



_ n r(pi(m)-l) 
Urn — y Uei-m, 

Vm = q r(q t (m) + l) v 



fi-mi 

± . -Vm = ±(q-q~ 1 ) (^(m)g ±s fe( m ) +1 ) - ei(m)q ±s( ^ m ^) v m , 



with r G Z, s > and i £ Iq (resp. i E I) and where = by convention. Note that 
Pi{m) is well defined only if £j(m) > or equivalently if ei • m 7^ and qi{m) is well 
defined only if <pi(m) > or equivalently if /j • m 7^ 0. Then, these expressions make 
sense. 

Theorem 4.10. (1) Set n G N*, 1 < £ < ra. Assume that M' = M{Y ()k ) as J - 
crystals. Then formulas U8\) endow V with a structure of V( q (sl n +i) -module 
isomorphic to the fundamental module V(Yt,k)- 
(2) Assume thatn = 2r + l is odd and £ = 1 or £ = r+1. Set M' = M(Y ifi Y~^) as 
I-crystals. Then formulas il8]) endow V with a structure of U q (sl^ 1 ) -module 
isomorphic to the level extremal fundamental loop weight module V(Y^qY^). 
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Proof. The action of the horizontal quantum subalgebra and the action of the Cartan 
subalgebra are known on the basis (%) m &n' for the U q (sl n+ i)-module V{Yt,k) an d for 
the W g (sZ^ 1 )-module V{Y^qYq^ ). From ([7]) it is straightforward to deduce the action 
of the xf r on these modules (r € Z). We obtain formulas (|18|) given only in terms of 
constants of the corresponding monomial crystal. □ 

Remark 4.11. In [25], the algebra U q (sl oc ) is introduced as the quantum affinization 
of U q {sl 00 ). It is defined by the same generators and relations as in Definition \2.13\ 
with the infinite Cartan matrix C = (Cij)ij e z such that 

Ci t i = 2, C^i+i = — 1, Cj-j-i^ = — 1, Cij = 

if i — j ^ { — 1)0, 1}. The representation theory of U q {sl oo) is similar to the one of 
U q {sl t ^L- i ): the simple l-highest weight modules are parametrized by Drinf eld polynomi- 
als. In particular, the fundamental modules can be defined and they are the inductive 
limit of the fundamental modules for the quantum affine algebra U q {sl n+ i) when n — > oo 
(see [25j Theorem 3.8] and [251 Proposition 3. 11] ). So, the previous results about the 
fundamental modules ofU q (sl n +i) extend directly to the case of the fundamental mod- 
ules 0fUg(sl oo ). 

Example 4.12. Assume that n = 3 and I = 1. We study the level extremal fun- 
damental loop weight module V(Yi t oY^\) for U q {sl i f r ) . Let us consider the monomial 
crystal M{Y\qYq^). It is closed and p = 4 in this case. Using the notations introduced 
above, £ = Lik^z£o,k and we have 

%) = {Yi, Y ~1, Y 2 , 1 Y 1 - 2 1 ,Y 3j2 Y 2 - 3 1 , Y Qj3 Y 3 ~1 } . 

£o,fc can be deduce from £o,o by applying r^. In the same way, we obtain Ej^ by applying 
0i+4fc £ £ _ Then the q-character of the level extremal fundamental loop weight 
module V^Yi^Y^ ) is 

fcez 

Furthermore the action is explicitly given by the crystal M(Yi oY^) and by the formu- 
las U8\) . This module is already constructed in |23j . 

Example 4.13. Assume that n = 3 and £ = 2. Let us study the level extremal 
fundamental loop weight module V(Y 2 o^o^ 1 ) °/^<j( s 4° r )- Consider the closed monomial 
crystal A4(Y 2t oY^~ 2 ) . I n this case, p = 2 and we have 

, = f Y 2 , Y %Y ltl Y 2 -iY 3tl Y -i,YvY£, \ 
°'° I Y 3>l Y^,Y{;iY 2>2 Y 3 -iYo l2 ,Y 2 -lY 0>2 J" 

To describe all the monomials occurring in M.{Y 2 ^Yq 2 ), it is sufficient to consider only 
the sub -I { 0; i} -crystal 

Y 2 ,oY - 2 1 A Y l>1 Y 2 - 2 1 Y 3>1 Y - 2 1 A Y 1 , 1 Y 3 - 3 1 



30 MATHIEU MANSUY 

and to apply the 6-twisted automorphism eft (Remark \3.21\) . The q-character of 
V(Y 2 , Y -j) is 

Xq{V{Y2,QY^)) = ^2 y 2,2fc^o72+2fc + Y l,l+2k Y ^ + 2k Y 3A+2k Y ^2+2k + Y l£+2k Y ZA+M 
+ Y Z,l+2k Y i^ +2k + y i73+2fc y 2,2+2fc5 / 3 73 1 + 2fc y 0,2+2fc + Y 2~4+2k Y 0,2+2k, 

and the action ofU q (sl t f r ) on V{Yifl Y Q2) * s explicitly given by the crystal A^l^o^o 2 ) 
and formulas M8\) . 

Remark AAA. As we have said, relations between monomial crystals and the set of 
monomials occurring in the q-character of representations are known and have com- 
binatorial origin (see 12?] I40j ). The above results, in particular Theorem \4-10 , 
give one way to better understand the representation theoretical meaning of this narrow 
link expected in [27] . In fact, by the formulas jll8\) which hold for all the fundamental 
modules V(Yi,k) ofU q {sl n+ i) and for all the level extremal fundamental loop weight 
modules V(Y^qYqp) ofU q (sl t ^ 1 ), the knowledge of these representations is reduce to 
the one of the corresponding crystals Mi {Y^^) an d M^Y^qY^a ) respectively, which is 
totally combinatorial. 

4.3. Finite-dimensional representations at roots of unity. The existence of shift 
automorphisms for J*A(Y^qYq£ , ) when £=lor^ = r + lis related to finite-dimensional 
representations of quantum toroidal algebras at roots of unity. We explain that in this 
section. 

So assume that n = 2r + 1 is odd (r > 1) and f=lorf = r + l. In this case 
A4 (YifiY^f ) is closed and its automorphism zi has the special form of a shift r_ p with 
p = n + 1 or 2 respectively. 

Set L > 1 and e a primitive (pL)-root of unity. Let U e (sl^Li) be the algebra defined 
as U g (sl^T 1 ) with e instead of q (without divided powers). 

Let Tat : Jte/,lez ~~ * ^P^/beJ lez/NZ ^ e ^ ne ma P defined by sending the variables 
Y^i to Y.j (i G /, I G Z). For a monomial set S we denote by <S e its image by ^(pL)- 

Consider the monomial set £ e . By the periodicity property given by r_ p , we have 

£ £ = □ 4{(£ hk ) e ) 

0<k<L-l 

with j G /. One checks easily that £ e is closed. 

By specializing the representations V (YiqYq^) at a root of unity e, we obtain 

Theorem 4.15. Assume that e is a primitive {pL)-root of unity. There is an irreducible 
U e (sl^i) -module V(Ye y oY^) e of dimension L ■ y~g^\ suc ^ ^hat 

Xe(V(Y i>0 Y-l) e ) =J2 m - 
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Furthermore there exists a basis (v m ) of V{YtfiY Q /) e indexed by £ t such that the action 
on it is given by 



-'in 



X ir U m — t U f l -m^ 

<>± ±s • Vm = ±( e - e ~ l ) (ipi(m)e ±s ^ m ^ - e i (m)e ±s ^( m )- 1 )) 



5. Extremal loop weight modules for U q {sl t ^L l ) when the considered 

CRYSTAL IS NOT CLOSED 

In the last part, we have constructed a new family of extremal loop weight modules 
V(Yi$YqI) of U q (sl t °^ 1 ) when n = 2r + 1 is odd and M{Ye,o^ol) is closed (this is the 
case if and only if t = 1 or I = r + 1). 

In this section, we still suppose that n = 2r + 1 is odd and we discuss the case where 
the considered monomial crystal Ad' is not closed. It is not possible here to construct 
an integrable module whose (/-character is a sum of monomials occurring in M! and 
we have to consider a larger closed monomial crystal KA' containing it. One can obtain 
such a crystal from A4' by adding other monomial crystals. But its structure is more 
complicated than A4' and it is difficult for us to construct systematically the possible 
representation of U q (sl^_ 1 ) associated to M.' . 

So in this section, we propose to treat an example of such a construction. Assume 
in the following that n = 3 and consider the crystal AA.(Yi^Yi^iYq2Yqq) which is 
not closed. We determine a closed monomial crystal ^(Yi^Y^-iYq"^ 1 ^^ 1 ) containing 
it and we construct a representation V (Yi^Yi-iYq^Yqq ) of U q {sl t f r ) such that its 
g-character is the sum of the monomials occurring in MiY^Y^Y^Y^) with mul- 
tiplicity one (Theorem l5.6p . Furthermore we will see that V{Yi y iYi -iY^Yqq) satisfies 
the definition of extremal loop weight module. 

In the first part, we study the crystal ■M(Yi i iYi i _iY ~ 2 1 5'o~q 1 ) an d we determine a 
closed crystal A^Yi^Y^-iYq^Yq^q 1 ) containing it. 

The construction of the ^(s^^-module V (Yi^Yi^iYq^Yqq) ^ s done in the second 
part. The process is the same as in the preceding section: we consider the vector space 
freely generated by the vertices m of A / ((Yi i iYi ) _iY ~ 2 1 Y ~ 1 ) and we define an action 
of U q {sl t £ r ) by pasting together some finite-dimensional representations of the vertical 
subalgebras^' j (s/f r ) (j € /). 

In the third part, we study the representation V (Yi^Yi^iYq^Yqq): it is an ir- 
reducible integrable representation of U q {sl t ^ r ). Furthermore V (Yi^Yi^iYq^Yqq) is 
a level extremal loop weight module generated by a vector v of level ^-weight 
Y^iYi ,-iY Q y 2 y Q ~ . 

In the last part, we specialize q at roots of unity e. We get finite-dimensional repre- 
sentations of the quantum toroidal algebra U e (sl t ^ r ). 

Remark 5.1. It could be interesting to construct other level extremal fundamental 
loop weight modules of i-weight Yn^Y^ with 2 < I < r in the same way. The first 
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crystal M.{Y^qYq^) which is not closed is obtained for n = 5 and £ = 2. We are led to 
consider the following closed crystal 

M(Y2,oY - 2 l ) = M(Y 2>0 Y -i) © M(Y 1<1 Y 1 ^ 1+6s Y - 2 %J s ). 

sGN* 

which contains Ai(YifiY^) . The maps <f> and tq are automorphisms of it and the 

P c \-crystals M.(Y 2 $Yq 2 )/t§ and .M(Yi ) iYi._i + 6 s y o 72 1 ^o76 1 s)/' r 6 have 30 vertices and 36 
vertices respectively. 

The example we propose to treat in this section is simpler than the case of the level 
extremal fundamental loop weight modules and we focus only on this situation for the 
sake of clarity and simplicity. 

5.1. Study of the monomial U q (sl 4)-crystal M(Yi^Yi^iY^~ 2 Y^~q). We refer to the 
Appendix for explicit descriptions of all the crystals considered in this section. Let us 
study the monomial crystal A4(Yi i iYi i _iY ~ 2 1 Yo~o 1 ) : * ne ma P s 4> an d T4 are automor- 
phisms of M.{Yi^Yi^iYq2Yqq), with T4 of weight —25. Furthermore straightforward 
computations lead to the following result. 

Proposition 5.2. (1) We have the equality of sets 

M(Y lil Y 1 ,_ 1 Y- 2 1 Y - 1 ) = (J r\ ( (J M^Y^+jY^^Y-^Y-l) 

k£Z \j=o 

(2) For all j G I, the monomial crystal Mj. (Yi + j t i + jYi + j t ^i + jY^ 2 1 + -Y^) is Ij-q- 
closed. More precisely, we have the bijection of monomial sets 

& : M h {Y 1+hl+3 Y 1+ ^ 1+J Yr 2 \ 3 Y- 3 l ) — > M(V(Y hl+J Y^ 1+j )^) 

where V(Y]_ t i + jYi j -i + j)^ is the i-highest weight representation ofUq' J (sl t ^' r ) of 
i-highest weight Y\ + j^ + jY\ + j-i + j . 

(3) For all j G /, the Ij-crystal JVlj.{Yi + j^ + jYi + j^i + jY~ 2+ pr~^) is not q-closed: 
the monomial cfP {Y\-{Y^YqqYq^) appears in this crystal, but it is not the case 

Hence, we are led to consider the crystal M(Yi ) iYi^^,Y Q ~ 2 1 Y^ 4 ) which is also not 
closed and more generally we have to deal with all the monomial crystals 
^(y 1 ,iF 1 ,_ 1 _4^o72 1 ^o7-4J with s G N. We set 

MiY^Y^Y^Y^) = ®M(Y hl Y l ^ s Y Q - 2 1 Y Q -\ s ). 

sen 

For all (k, s) G Z x N and j G I, denote by 

• M}j k s the sub- Ij-crystal of A4(Yi i iYi i _i_4 S Y ~ 2 1 Y ~: l 4s ) generated by the mono- 
mial ^ k (Y 1<1 Y 1 ^ 4s Y - 2 1 Y -lj, 

• M 2 j k s the sub- Ij-crystal of .M(Yi i iYi i _i_4 S Y ~ 2 1 Y ~_7 4s ) generated by the mono- 

miai ^+ 4fe (y 1)1 y 1 7_ 1 3_ 4s y 2 ,_4-4 S ^ 1 )- 
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Proposition 5.3. (1) For all s G N and j G /, one has the equality of I j -crystals 
■M (^i , l Yi,-i-4s ^o7-4s ) = {M\ k , 8 M 2 jAs ) . 

k&L 

(2) For all j G I, k G Z and s > 1, i/ie monomial crystal M.j ik ,s = M~ k s®-^] ks-i 
is Ij-q-closed. More precisely, we have the bijection of monomial sets 

E j : Mj, k ,s — >■ X (^(^l ! l+j+4fc^l,-l+j+4fc-4 S ) (j) ) 

where F(lx,i+i+4feil,-i+j+4fe-4s) *s ^ e ^-highest weight representation of 
Uq ,J (slf r ) of ^highest weight Y 1+jtl+j+ik Y 1+j _ 1+j+ik _ is . 

The proof of these statements is straightforward. As a consequence of these results, we 
have 

Corollary 5.4. The monomial crystal MfriiYi Yt^o) * s closed. 

Proposition 5.5. The P-crystals ^(^lY^-il^^oc i ) an( ^ H(2o7i) are isomorphic. 
In particular, the monomials YixYii—^gY^ ^o~-4 s ( s ^ N) are extremal of weight 2w\. 

Proof. The monomial crystal A^Y^Y^ 2 ) ^ s isomorphic to the connected component 
of 0(2-071 ) generated by ^2^1 [HI Proposition 3.1]. One checks that the map 

M(Y ltl Y lt ^ s Y -iY -^ s ) — > M(Y^Y -i) 

which sends the monomial YljIY^-i-^sY^ 1q~_ 4s to the extremal element Y^Yq^ of 
weight 2xd\, is an isomorphism for all s G N. Then the result is a direct consequence 
of the description of crystal bases of level extremal weight modules (see [5] ) . □ 

5.2. Construction of the W g (sZ| or )-module ViY^Y^Y^Y^). Let us give the 
main result of this section. 

Theorem 5.6. There exists a representation ofU q (sl i f r ) whose q-character is the sum 
of monomials occurring in A^Y^iYl -iY^Yq'q) with multiplicity one. It is denoted 
byV(Y 1A Y 1 ^ 1 Y - 2 %- 1 ). 

The construction of V (Yi^iYi^iYq^Yqq) is analogous to the one of V(Xi,qYq* ) in 
Theorem I4.lt we paste together the finite-dimensional representations 
V(Y lil+j+4k Y 1 ^ l+j+4k )^ andF(y 1)1+i+4fe Yi,-i +i+ 4fc-4 S ) (i) of U v q ' ] (sl\° r ) with j G I, k G 
Z and s G N*. 

Let us begin by recalling some well-known facts about the Kirillov-Reshetikhin mod- 
ule V(S°(M)) with M = Fi^Fx -iY^Y^ 1 . It is irreducible as a ^(s/ 4 )-module, iso- 
morphic to V(2A\). In particular, y(H (M)) is an extremal weight module of dominant 
weight 2Ai and there exists vectors f^(Af) (i = 0, . . . , 3) such that I'm is an ^-highest 
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weight vector of V(E°(M)) and 

(x~ ) (2) • ttyi-i(Af) = ^i(M) for i = 1, . . . , 3, 
(x+ ) (2) • ^ l(M) = for i = 1, . . . , 3, 

O^o)^ ' v 4> i (M) = in the other cases. 

Set 

V fl-M := X l,0 ' V M' V f 2 h-M := X 2fl x lfl ' V M, V f 3 f 2 f 1 -M := X 3,0 X 2,0 X 1,0 ' 
V fo-4>{M) := X 2,0 " u 0(Af)> V fzh<t>{M) := X 3,0 X 2,0 " u 0(Af)> 
V f 3 -<t> 2 (M) := ^3,0 " V 4> 2 (M)- 

These vectors form a basis (t> m ) of V(zP(M)), indexed by the monomials occurring in 
Aij Q (M). Furthermore for all m E A4j (M), v m is an ^-weight vector of I- weight H°(m). 

The other finite-dimensional representations of U q {sl/i) we have to consider are W = 
V(E°(M)) with M = Yx^Yx-i-isYq^YqIs and s G N*. The following two points are 
well-known: 

(1) W is irreducible as a ^(s^-module, isomorphic to W = V(Yi t i)®V(Yi_i_4 S ), 

(2) W is completely reducible as a ^(s^-module, isomorphic to V(2K{) © V(A.2). 

Furthermore there exist vectors f<^(M) (* = 0, . . . , 3) such that vm is an ^-highest weight 
vector of W and 

(x" ) (2) • v^-i (M) = for i = 1, . . . , 3, 

Oto) (2) ' V(AQ = v ^- l {M) for i = 1, . . . , 3, 
(s^)' 2 ' • f^(Af) = in the other cases. 

To complete this family of vectors to a basis of W, the following example is used. 

Example 5.7. Let a,b € TL be such that a ^ b and a ^ b ± 2. Consider the lA q {sl2)- 
module V(Y a Yb). This module was already studied in [24J. VFe /iai>e 

= Y a Y b + Y a Y b - + \ + Y^ 2 Y b + Y- + \Y b -\. 

In particular, it was shown that there exists a basis 

KjuV 1 V ) V Y V- 1 ) V Y -1 Y-' L } 
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where the action of the Drinfeld generators on it is given by 
x t ■ v Y a Y b = 0, 

x~ • vv v = - — a^+^v i + - — a r{b+1) v 

Xr VYaYb qb- q a q V Y-frr b + q b_ q a 9 V Y a Y~ + \> 

X r- V Y-\Y b = <i r(a+1) VY a Y b , 

a-\-2 u 

x~ ■ v Y -i v = q r ( b+1 * ) v Y -i v -i , 

r Y a + 2 Y b * Y a + 2 Y b+2 

X r- V Y a Y~ + \ = <l rib+1) VY a Y b , 
x~-v YY -i = q r{ ~ a+l ^v Y -i Y -i , 

la 'b+2 I a+2 I b+2 

x+. v i i = ^ — a rib+1) v i +^ — a r{a+1) v i 

X r U Y~ 1 Y~ — h n " Uy—1 Vu ' h n " Y Y, ' 

1 a+2 1 b+2 q° — q a I a+2 1 b q° — q a Ial b+2 

X,*. ' Vy — 1 y — 1 0, 

1 a+2 1 b+2 

and with v m of t-weight m for m = Y a Yb, . . . , Y~^; 2 Y^ 2 . Note that the basis used in 
is renormalized here and we have 

(x o )(2) • VY ^ = V Y- + \Y b -\, (4) (2) ■ %- 2 y- = vy aYb . 

Asa ^ 6±2, it is well-known that V(Y a Yt)) is isomorphic to V (Y a )®V (Y^,) . Furthermore 
as a U q {sl2) -module, V(Y a Yb) is not irreducible, but it is cyclic generated by one of 
vectors v v v -i or v v -i v . 

'"'H2 1 a + 2 1 b 

Set Mi = Y^Yi -i-4 S ^2,2^o7-4, and M 2 = Y ltl Y-l_ 4s Y 2 -a s Y^ and let v Ml and 
vm 2 £ W of £- weight Mi and M2 respectively, be such that 

q 2 4s — q 4 4 q 4s — q 2 (_ 4s ) r 

X l,0 ' V M = q -l-4s_ q3 1 V ^ + g -l-4s_ g3 g V M*- 

Set 

V f2-M u := X 2,0 ' V M u i V f 3 f 2 -M u := X 3,0 X 2,0 ' V M U 

with u = 1,2. In the same way, one can define v^ Mu ^,v f 3 .^M ) and V 4> 2 {M U ) f° r u = 1,2. 
We check that these vectors form a basis (« m ) of W, indexed by the monomials occur- 
ring in A^o,o,s- Moreover v m is an ^-weight vector of ^-weight H°(m) for all m. 

By twisting the action on V(Yl,iYi,-i) an d V (Yi,iYi,-i-As) by 9^> and r& for some 
b G C*, we obtain for all j € I,k eZ and s G N* 

• the J (s/ 4 or )-modules Vfri^+j+^Y^-i+j+^W which we call modules of type 
KR below, 

• the Uq' 3 (s/ 4 or )-modules V (Yi,i+j+4fcYi,-i+j+4fc-4 S )^ which we call modules of 
type s-TP below. All the modules of type s-TP for various s € N* are called 
modules of type TP. 
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In particular, we get bases (v m ) of these modules indexed by the monomial crystal 
•^/i (^' +4 *(^l,i^i-l^o2 ^d"o )) (resp. Mjfas) with analogous properties as the previ- 
ous ones. In particular, the action on a vector v m is completely determined by the 
horizontal subalgebra on it and by its ^-weight m. 

Let us begin the construction of the £/,j(,sZ 4 or )-module V (Yx^Yx^xY^Yoo) ■ Denote 
by £ the set of monomials occurring in MiYx^Yx^Y^Y^) and for all j e /, k E Z 
and s G N*, £j : k.o (resp. £j :k .s) the set of monomials corresponding to -Mj k0 (resp. 
Mj t k >s )- We have for all < j < 3, 

£ = |_| £j,k,o u [_J £j,k,s- 

Let 

V(Y hl Y h _ l Y - 2 1 Y Q - Q 1 ) = @Cv m 

be the vector space freely generated by £. For < j < 3, k G Z and s G N*, set 
= ©rnefi^o Cv m (resp- V fe <J = me ^, fl Cv m ). Then for all < j < 3, 

kez fcez,seN* 

For all j G I, we endow F(yi i iYi i _iy o ~ 2 1 y o ~ 1 ) with a structure of a U q ,J (sZ4 0r )-module 
as follows: for k G Z and s G N*, the vector space V k (resp. V k ^) is isomorphic to 
V{Y hl+j+ik Yi_i+ j+Ak )^ (resp. ^(Yi, 1+^+4^1 ~x+j+4k-4s)^) by identifying the corre- 
sponding bases. So V, (resp. Kr s ) is endowed with a structure of a Ug' 3 (sl\ or )-module 
and V{Yx,xYx-xY^Y^) by direct sum. We denote it by V {Y^Y^Y^Y^)^ . 

Proposition 5.8. There exists a structure of 'U q (sl t ^ >r ) -module on V(Yi {Yi {Y^ ^n~0 ) 
such that for all j £ I the induced Uq' 3 {sl^+i) -module is isomorphic to 
V{Y lt xYx -iYq^Y^q)^. Furthermore the q- character of V (Yi^Yi-xY^Y^) is 

Xq (V(Y 1 ^ 1 Y - 2 l Y - 1 )) = m, 

where £ is the set of monomials occurring in M(YiiYi {Yq ^oo )- 

Proof. The process is the same as in Theorem I4.lt to define an action of U q (sl t ^ rr ), we 
determine the action of the subalgebras lAi for all i £ I. For that, let j G I be such that 
j i. Then the action of Ui on V (Yi^Yi-iYq^Yqq) is the restriction of the action of 

Uq' j (sl\ or ) on V{Y hl Yi ,-iY^Y^)^. We check that this is independent of the choice 
of j / i. 

Let us show that this action endows y(yi ) iy"i ) _iyg~ 2 1 Yo~o 1 ) with a structure of U q {sl t f r )- 
module. For that, we have to distinguish two types of monomials: 
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• the m such that there is no s, s' G N with s 7^ s' and m G £j ks H £j' t k',s' f° r 
some < j, j' < 3 and k, k' G Z. For such a monomial, the defined action on 
v m comes from the same type of modules, i.e. only of modules of type KR or 
only on modules of type s-TP for one s£N*, 

• the m such that there is s, s' G N with s 7^ s' and m G £jk,s H £j' t k',s' f° r some 
< i, j' < 3 and fc, fc' G Z. For such a monomial, the defined action on v m 
comes from two different types of modules, i.e. of modules of type KR and of 
type TP or of modules of type s-TP and of type s'-TP with s 7^ s'. 

For the first ones, the same process as in Theorem 14.11 (using promotion operator) 
implies that the defining relations of U q {sl t ^ r ) hold on it. For the other ones, this is 
more complicated. Such a monomial is of the form m = (^ +4 ^X^i,-i-4s^3~5 1 ^o,4^o~-4s) 
with < j < 3, k G Z, s G N*. Promotion operator implies some relations on v m but 
not all and we check directly that they are satisfied. We do not detail the calculations 
here. □ 

5.3. Study of the W 9 (s/| or )-module V{Y 1>X Y X ,-\Y^Y^). 

Proposition 5.9. The U q (sl t f r ) -module V (Yi^Yi-iY^Yqq) is integrable. Moreover, 
it satisfies property (4) of Remark \2.4\ 

Proof. For all j G /, V (Yi^Yi-iY^Yqq) is completely reducible as a lt%' 3 (sl^+i)- 
module and we have 

(19) F(y 1 ,iFi j _ 1 y 7 2 1 y 7 1 )^ = v(Y 1)1+j+4k Y 1> ^ 1+j+4k _ 4s )^. 

The representations occurring in the direct sum at the right hand side are integrable. 
Hence V {Yi^Yi-^Y^Yqq) ^ s an integrable W (? (s^ [ 1 )-module. Furthermore the mod- 
ules of type KR (resp. of type TP) are all isomorphic as ^(sZ^-modules and satisfy 
property (4) of Remark El Then, it holds for V(Y ltl Y lt -iY^Y^), i.e. 

ViY^Y^Y^Y^^ = {°i for BllueP,ieI,N » 0. 

□ 

Remark 5.10. The weight spaces of 'V '(YxiYi iY^Y^q) are infinite- dimensional and 
property (3) does not hold. In fact we check that the monomials 

y 1 ,i + 4 S yi > -i-4 S y 7 2 1 + 4 S i V- 1 4 S e m(y 1)1 y 1 ^ 1 y - 2 1 y - 1 ) ( s g n) 

are of weight w\ and 

yi ) l + 4 S il ) -5-4 s y 7 2 1 + 4^0;-4-4 S e MY^^Y^ 1 Y - Q l ) (s G N) 
are of weight w\ + 5. Hence, the weight spaces of weight w\ and w\ + 5 are infinite- 
dimensional and more generally all the weight spaces 0/^(^,1 Y^-il^T^^o!) ) are infinite- 
dimensional. Note that the l-weight spaces are all of dimension one. 

The main result of this section is the following. 

Theorem 5.11. The representation V"(Yi il^ 1^ ) * s a ^ eve ^ extremal loop 

weight module generated by the vector v Yi iYl ^-iy- 1 of t-weight Y\^\-\YqjYq§. 
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Proof. The third point of Definition 12.211 is a consequence of (I19p . For the first two 
points, we use the following results. □ 

Lemma 5.12. Let V be a U q (sl n +i) -module with basis (u m ) m gA4' indexed by a subcrys- 
tal M 1 of M. Assume that M G A4' is extremal of weight A and 

wt(v m ) = wt(m), xf ■ v m = if ± wt(m)(/ii) > and ( x ?)(±wt(m)(ft i )) . Vm = v ^ {m) 
for all i £ I and m G W ■ M . Then vm is an extremal vector of weight A. 
Proof. The proof is analogue as the one of Lemma 14.71 □ 

Corollary 5.13. Set M s = ^ ) iYi ! _i_4 S Yq~ 2 Y -4s with s G N. Then vm s is an extremal 
vector o/ y(yi i iyi i _il^~ 2 1 ^o~o 1 ) °f weight 2w\ for the horizontal subalgebra Uq{sl t £ r ) . 

Proof. By construction of the basis (v m ) of V'(Yi i iYi i _iY ~ 2 1 Y ~ 1 ), we have wt(v m ) = 

wt(m) for all m. Furthermore a monomial in W ■ M s is of the form c/>' +4:k (M s ) with 
j G I and k G Z and we have wt(^' +4fc (M s )) = 2A j+1 - 2Aj - 2kd, 

( x t,0^ ' v &+ 4k (M a ) = u ^3'-i+4fc(M a ) = v Sj{<j>i+ ik {M s ))i 
( X 7+l,o) (2) ' V +4fe (M s ) = ^+i+4fc(M a ) = % +1 (0i+4fe(M s ))> 

x^ 1 • f0j+4fe(M s ) = in the other cases. 

Hence the hypotheses of the above lemma are satisfied and vm s is extremal of weight 
2vui for the horizontal subalgebra Ug(sl^ r ). □ 

Proposition 5.14. The representation V{Yi,iY\-\ ^2^00) ^ s C V C ^ C as a Uqisl^ 1 ")- 
module, generated by the vector v = v Yl lYl 1 y~ 1 y~ 1 - 

Proof. Consider the sub-U^ (s^4° r )-module W generated by v. By construction of the 
basis (v m ) of V{Y liX Yx,-iY^Y^\ v ™ G W for all m G M(Y ltl Y lt -{Y^Y^). We 
proceed by a recursive argument: assume that for one s G N, we have v m £ W for all 
m G ii j _i_4tK 72 ^o~-4t) with < t < s. In particular v Yl 1 4 y 3 " 1 y 04 y - 1 4 * s m 

and by Example 15.71 

x an ' Vv v-iv v~l = IV v V -X v -X G VF. 

0,0 Y 1 - 1 -4sY 3fi Yo A Y _ i3 Yi, 6 Yi ,-1-4bY 06 Y _ 43 

In the same way v, hlv v -i v v -i \ and u,hv v v-v-i ^ are in for any 

fceZ. But all the v m with m G A4(Yi, 5 li -i- 4s Y ~6 ly o~ -4s) c an be obtained from this 
family of vectors by action ollAq{sVf r ): this is straightforward from Example 15.71 and 
the construction of the basis (v m ). □ 

Proposition 5.15. The U q {sl t f r ) -module F(Yi >1 Yi > _iY ~ 2 1 Y ~ 1 ) is irreducible. 

Proof. Let W be a non trivial sub-^(s^ or )-module of V(Yl,iYi -i^ 1 ^ 1 )- As the ^ 
weight spaces are of dimension one, there exists s G N and a monomial 
m G ^(Yi^Yi -i-4 S Y 72 ly o7-4s) such that v m G 
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If s = 0, we have already shown in the preceding proof that V is cyclic generated by 
v m and W = V. Assume that s G N*. By Example 15.71 and the construction of (v m ), 
there exists x G U g h (sl t ^ >r ) such that 

11,1*1,-1-43 * Qi 2 *o,-4s 

Furthermore IA\ ■ v v v v -i v -i is the simple ^-highest weight module of ^-highest 

>i,i y i.-i-4» y o,a y o,-4 S Jr- & e 6 

weight Yi iYi _i_4 S and there exists y G Ugisl 1 ^) such that y ■ v m = v v v -i v v -i 

' ' yxi/ 11,1 -"1,1-48 '2,-Aa '0^2 

With Yia^l7l-4 S ^2 6 (^1,1^1, -i-4(s-i)^o,2 1 ^o,-4(s-i) ) ■ Repeating this argu- 
ment, one shows that the vector v Yl lYl 1 y~ 1 y~ 1 * s m ^ • ^ v ^ e P rece ding proposition 
we get W = V(Y 1>1 Y 1 ^ 1 Y-^Y J). □ 

Proposition 5.16. The (si 1 ™') -module y(Y lil Y 1 _ 1 Y ~ 2 1 Y ~ 1 ) has a crystal basis iso- 
morphic to B(2w\). 

Proof. Set K = C({q)) with q an indeterminate and let A be the subring of K consisting 
of rational functions in K without a pole at q = 0. We renormalize the basis (v m ) of the 
C((g))-vector space V {Y^Y^Y^Y^) as follows. For all m G M(Y ltl Y lt -xY^Y^), 
let w m be the vector defined by w m = ^v m if there exists k G Z, s G N* such that 
m = fc (y'i ! iY'i ) _i_4 s y o _ 2 ^o~_4a) and w m = t> m otherwise. Set = (u> TO ) m an d C = 
(§) m Aw m . We check directly that (C,B) is a crystal basis of the (s/4° r )-module 
y(Yi i iYi i _iYQ - 2 1 Yo~o 1 )> isomorphic to B(2w\). We do not detail the calculations. □ 

Remark 5.17. All these results suggest that V (Y^iY^-iY^ Yq~q ) is isomorphic to 
the levelO extremal weight module V(2zu\) as a U^(sl t ^ r ) -module. One expects to prove 
such a result for all the level extremal loop weight modules construct by the conjectural 
process given above. 

5.4. Finite-dimensional representations at roots of unity. Set L > 1 and let e 

be a primitive (4L)-root of unity 

Consider £' the subset of £ defined by 

£'= II U£^ 

l_l J,k,s j,k,s 

< s < L - 2 
< fe < L — 1 

Let £ e and £' e be the images of the sets £ and £' respectively by the map P(4L)- 

Theorem 5.18. Assume that e is a primitive 4L-root of unity. There exists an irre- 
ducible lA^sl 1 ^) -module V e of dimension 16L(L — 1) such that 

Xe(V e ) = ^2 m. 

Proof. The main difficulty is to specialize q at e in the Uq' 3 (s^^-modules of type TP. 
In fact, these modules can be undefined or reducible after specialization. For better 
understand these phenomena, let us begin by the study of the specialized U e (sl2)-vnodule 
V(Y a Yb) f with a, b G Z. This representation is well defined if a ^ b + 4LZ. Assume 
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that in the following and study V(Y a Yj ) ) e . If a ^ b ± 2 + 4LZ, this representation is 
irreducible. If a £ 6 + 2 + 4LZ, it is not irreducible: in fact, 

U e (sl 2 ) ■ V Ya Y b = CV Ya Y b © CVy-l Y © CUy-l y-1 

a + 2 b a + 2 

is an irreducible submodule of V(Y a Y(,) e . 

By our study of the ^(s^ ^module V(Y a Y{,) e , one can specialize q at e in the defining 
relations of the action on the basis (v m ) of V(yi,iyi i _ 1 y ~ 2 1 y ~ 1 ). Moreover, one checks 
that 

Ue(sl\ 0r ) ■ Vy^ ^y-.y-^ = C Vm 

is a sub-^/ e (s/4° r )-module of U(yi j iyi i _iy o ~ 2 1 y o ~ 1 ) e . By taking the quotient, we obtain 
a U e (sll or >module 

V e = C^ m 

which is irreducible: this is straightforward with the explicit formulas of the action. □ 

6. Furthermore possible developments and applications 

In this last section, we give other promising directions to study the extremal loop 
weight modules for quantum toroidal algebras of general types. Moreover, we give some 
possible applications of the results obtained in this article. This will be done in further 
papers. 

In our construction of level extremal loop weight modules in type A, monomial 
realizations of crystals and promotion operators on the finite crystals have a crucial 
role. Let us give some results which suggest that a similar construction is possible in 
other types. In [27], an explicit description of monomial realizations of level extremal 
fundamental weight crystals of quantum affine algebras is given for all the nonexcep- 
tional types. The automorphisms Z£ are determined in these cases. Furthermore in 
other types, there exists also symmetry properties for crystals arising from automor- 
phisms of the associated Dynkin diagram (analogue of promotion operators in type ^4) . 
Using that, a combinatorial process allows to obtain Kirillov-Reshetikhin crystals from 
crystals of finite type (see [161 EH H2])- These symmetry properties will be useful for 
an similar construction of extremal loop weight modules. 

As we have viewed, the level extremal fundamental loop weight modules ViY^^Y^^) 

(n = 2r + 1, r > 1, £ = 1 or r + 1) are completely reducible as Wg'°(s/^ 1 )-modules: 
they are direct sum of fundamental modules of U g (sl n+ i). Similar vector spaces are 
considered in [6] for the quantum affine algebra U q (o) associated to a simple Lie algebra 
g over C. In fact for a finite-dimensional representation V of U q {Q)' , the vector space 
V <g>c C[z, z~ l ] is endowed with a structure of W g (g)-module by using the graduation of 
this algebra. So, the action is very different to the one defined in this article and we do 
not have a way to extend this action for the quantum toroidal algebra U q (Q tor ). But 
it would be interesting to study an analogous construction for the quantum toroidal 
algebra U q (Q tor ). We can expect to construct other examples of extremal loop weight 
modules by this process. 
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Let us explain an other approach to construct extremal loop weight modules which 
could be fruitful. Let g be a Kac-Moody algebra. For an integral weight A, one defines 
A + = ^2\(hi)>o A(/ii)Aj and A_ = A + — A. To study the extremal weight module V(A), 
Kashiwara [31] considers the tensor product V'(X) = V(A+) £3 V(A_) of the highest 
weight module V^(A + ) and the lowest weight module V(A_). By analogy, it would be 
interesting to define an action of the quantum affinization U q {o) on the tensor product 
of ^-highest weight module and ^-lowest weight module, in the spirit of [211 E2] and 
[121 El HH IS]. This will be studied in a further paper. 

An other possible direction is to study the finite-dimensional representations of Dou- 
ble Affine Hecke Algebras (or Cherednick algebras) at roots of unity obtained from 
the new finite-dimensional representations of W e ( s ^n+i) defined above, via Schur-Weyl 
duality 06]. 

In this article, we have defined promotion operators for the level extremal funda- 
mental weight crystals B(wi) in type A n (n € N odd, 1 < I < n). It will interesting to 
discuss the existence of promotion operators for other level extremal weight crystals 
and to discuss the uniqueness of them in the spirit of [45J . 



Appendix 

In this part, we describe the monomial crystal 

M(Y 1 , 1 Y 1 ,- 1 Y - 2 %- 1 ) =@M(Y 1 , 1 Y 1> - 1 -4.Y -jY -l 4 ,). 

sGN 

More precisely, we represent the two connected components M^i^Yi^iY^Y^q) and 
A^(yi,iYi > -5y' ~ 2 1 y ^ 4 ) of MiYi^Yi^iY^Y^). Recall that all its connected compo- 
nents are isomorphic to each other modulo shift of weight by 5. Furthermore the map 
T4 is an automorphism of these crystals and we only give a part of them. The full 
crystals are obtained by applying the automorphism T4. The sub-Io-crystals 

Mlo,o = MM+Y^Y^Y^) 

and 

•MoAi = Mi (Y 1A Y lt _ 5 Y - 2 %-^) M Io {Y^Y x ^Y 2fi Y^) 
are explicitly given. 

Note that the ^-twisted automorphism (j) of A4(li 1Y1 -i1q~2 ) can ^ e y i ewe d as 
a descent of one diagonal in these crystals. 
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Y^Y^Y^Y^ 



1 \ 2 

■lv- lv V V A/ — 1~V^ A/ — 1 



^73^171^,212,0 



^1,-1^74^3,3^70 
1 3 



Y 1 ,_ 1 Y 3 - 5 1 Y 0A Y - 1 



Y^Y^Y^Y^ 



il7l ly 2,0K-5 y 0,4 



Yi^Y^Y^ 



Yi^Y^Yot 



Yr?Y 2fi Y 2 -iY 3il 



Y h5 Y l>3 Y -iY ~l 



Y^Y 2fi Y^Y Qfl 



Y 2 :s 1 Y3, 7 Y 3 -iY 0t2 



The W g (^-crystal M(Y lfl Y lt -iY^Y^). 
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Yi,iY lt -. 5 Y -*Y -±4 



^73^3^,2^,-4 



Y^ 5 Y 2 -lY^Y -\ 



Y{;l 3 Y 2 -lY 2 ^ 4 Y 3i3 



Y^Y^Y 0A Y Q -\ 



Yrl 3 Y 2 ,_ 4 Y 3 -iY 0A 



^ 2 n7 ly 3,-3lo,4 



^1,5^3^,-4^76 



^1,5^7-2^,-3^76 



^l,5n7-1^076 ly 0,-2 



Y^fiY^Y^ 



Y^Y^Y^Y^ 1 



Y^Y^Y^Yo^ 



^2,8*3,7^3,-1*0 -2 



The W 9 (sZ 4 )-crystal A^i^-s^y,^). 
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